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ABSTRACT
Since the hyperspectral images (HSI) could provide much
more useful discriminative information that cannot be obtained by the conventional imaging techniques, the hyperspectral imaging technology was widely used in remote sensing area and recently used in many other aspects, such as the
biological images recognition. However, most of the time, the
size of hyperspectral data is so large that to process these data
is both time-consuming and space-consuming. In this paper,
a multiway tensor projection (MTP) algorithm is proposed as
an extension to the conventional PCA for hyperspectral data
compression and reconstruction. Technologically speaking,
MTP carries out a tensor data compression in all the modes
simultaneously to seek a projection matrix along each order to
make sure that the projected core tensor can preserve most of
the information present in the original tensor. Since the MTP
algorithm uses the arbitrary order tensor as the input, it can preserve the structure information not only among the rows and
columns but also among the spectral channels as much as possible and without vectorization. Numerous experiments on
hyperspectral biological databases show that the MTP algorithm has better compression performance than PCA in many
aspects.
Index Terms— Hyperspectral images, tensor projection,
principle component analysis, image compression
1. INTRODUCTION
Hyperspectral imaging was previously used in remote sensing area and recently introduced in many other aspects [1].
Compared to the conventional gray level images which are
commonly presented as 2D matrices, the hyperspectral images (HSI) appear as 3D data cubes which have two spatial dimensions (width and height) and a spectral dimension
[2, 3]. Therefore, for the pattern recognition tasks such as
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remote sensing image classiﬁcation and human face recognition, the HSI could provide much more useful discriminative information that cannot be obtained by the conventional
imaging methods [4]. To this end, some hyperspectral biological image databases such as hyperspectral face database
and hyperspectral palm database are recently released in the
literature [5].
Unfortunately, most of the time, the size of hyperspectral
data is so large that to process these data becomes a timeconsuming and space-consuming task. In order to address
this problem, similar to the framework of grey level image
processing, the image compression is therefore considered as
an important preprocessing step before the subsequent recognition. The most frequency employed approach for the grey
level image compression is JPEG coding and wavelet transform coding (WTC) [6]. These methods are reported to work
well in most of the time. However, since they are originally
designed for gray level images, when it comes to the HSI, they
have to process each channel of the data cube independently
[7]. By this way, the correlation among the spectral channels
of HSI would be lost during the compression and cause the
potential inaccurate in the subsequent recognition.
Apart from the aforementioned image coding perspective,
the data dimensionality reduction (DR) techniques could also
be adopted for grey level image as well as HSI compression,
the most standard algorithm of which is principle component analysis (PCA) [8]. The basic engine of PCA algorithm is
the Karhunen-Loeve transform which ﬁnds the principal components of the input data in accordance with the maximum
variance. Note that the input data of PCA must be a set of
1D-vectors, which indicates that each image (2D grey level
image or 3D HSI) have to be vectorized in order to compute
the covariance matrix. It is worth noting that such vectorization obviously breaks the data structure of the data matrix or
data cube, which is useful information for data reconstruction.
On the other hand, the size of the covariance matrix using the
vectorized data is always very large (more than 104 ), thus it is
time-consuming and space-consuming to perform the eigendecomposition.

Some improvements of the PCA algorithm are as following [9]. Zhang et al. put forward a matrix K-L transform to
reduce the dimension of the covariance matrix and the method
can improve the speed compared to standard PCA [10]. Yang
et al. proposed a 2DPCA which could process the 2D matrices directly without vectorization, so the data structure is partly preserved in the 2D representation and the dimension of the
covariance matrix is much smaller than PCA as well [11]. Since the 2DPCA only considers the correlations only among
the row vector, Zhang et al. further suggested the (2D)2 PCA
which considers the coefﬁcient both among the row vectors
and column vectors [12]. Although the abovementioned extensions of PCA can be directly used for gray level images,
as these methods do not consider the relation among the adjacent spectral channels so far, they still cant deal with the HSI
directly and efﬁciently.
In this paper, we treat the hyperspectral biological images as 3-order-tensors and thus does not destroy the intrinsic
spatial-spectral relationship of the data structure information
within the data cubes. Based on the tensor representation, a
multiway tensor projection (MTP) algorithm is proposed as
an extension to the conventional PCA for hyperspectral data cubes compression and reconstruction. In MTP, the tensor
object is compressed in all the modes simultaneously by using a projection matrix in each order and thus the projected
core tensor could preserve most of the information present in
the original tensor. Since the MTP algorithm could accept the
arbitrary order tensor as inputs, it can preserve the structure
information that not only between rows and columns but also
between bands as much as possible and without vectorization.
The remainder of this paper is organized as follows: in
Section 2, we brieﬂy provide the background of related tensor algebra, and then present the proposed MTP algorithm
in detail. The experiment results on the two public hyperspectral biological image databases are discussed in Section
3, followed by the conclusions in Section 4.
2. MULTIWAY TENSOR PROJECTION
In this paper, the vectors are denoted by lowercase bold italics, e.g., a, the matrices are denoted by uppercase bold italics,
e.g., A, and the tensors are denoted by calligraphic letter, e.g.,
A. The elements of an object (including the vector, matrix,
and tensor) are denoted with indices in blankets where the indices are denoted by lowercase letters, e.g., A(i, j), Before
introducing the MTP algorithm, we give some related tensor
algebra as follows, further details are available in papers [13–
16].
Suppose we have an N-order tensor A ∈ RI1 ×I2 ×···×IN ,
which is addressed by N indices in , n = 1, · · · , N , while in
addresses the size of nth-order of tensor A. An element of tensor A is expressed as is A(i1 , i2 , · · · , iN ) where 1 ≤ in ≤ In .
Particularly, a scalar is a 0-order tensor, a vector is a 1-order
tensor, and a matrix is a 2-order-tensor. In this paper, the

hyperspectral data cube is therefore represented as a 3-ordertensor where all the spatial-spectral constraints are well preserved. The nth-order tensor-matrix product of a tensor A
by matrix U ∈ RJn ×In is denoted by A ×n U, in which
the entries A ×n U(i1 , i2 , · · · , in−1 , jn , in+1 , · · · , iN ) =

in A(i1 , i2 , · · · , iN )U(jn , in ). It can be inferred that there
is a precondition that the width of the matrix U must be
the same as the nth-order of the original tensor, and such
the multiplication result is a tensor of the same as the original tensor except for the nth-order which is changed
to the height of the matrix U. The scalar product of tI1 ×I2 ×···×IN
wo
A,
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Frobenius norm of a tensor A is deﬁned as A = A, A.
The matrix unfolding A(n) ∈ RIn ×(I1 I2 ···In−1 In+1 ···In ) of A
along the nth order contains the element ai1 i2 ···iN at the
position
N in and column number equal to
N with row number
1 + k=1,k=n (ik − 1) j=k+1,j=n Ij . The column vectors of
An are the nth-order vectors of A, while an nth-order vectors
is deﬁned as an In -dimensional vector obtained from A by
varying the index in while keeping all the other indices ﬁxed.
The rank-1 tensor is a tensor that consists of the outer product
of a number of vectors. According to deﬁnition of tensormatrix product, it can be inferred that any tensor A can be
approximately expressed as the core tensor C multiplied by a
series of projection matrices, i.e., A = C ×1 U(1)T ×2 U(2)T
×
n
· · · ×N U(N )T , where C = A ×1 U(1) ×2 U(2) × · · · ×N U(N )
and U(n) = (un1 , un2 , · · · , unIn ) is an orthogonal In × In matrix. The matrix representation of the aforementioned tensormatrix product can be obtained by unfolding A and C on the
nth order, i.e., C(n) = U(n) A(n) (U(n+1) ⊗ U(n+2) ⊗ · · · ⊗
U(N ) ⊗ U(1) ⊗ U(2) ⊗ · · · ⊗ U(N −1) )T , in which ⊗ denotes
the Kronecker product [17].
Different from the previous works which dealt with 2-D
matrices input data (gray-level images), the proposed MTP
algorithm aims to process the hyperspectral images which are
in form of 3-order-tensors. Compared to PCA, the MTP algorithm is another way for data dimension reduction which
could ﬁnd the most representative multiway subspace for high
order data representation. The compressed core tensor has
much smaller size in each order.
Here we ﬁrstly give a brief ﬂowchart of PCA algorithm
for images compression and reconstruction, which is highly
related to our proposed method. In PCA, the input images
are vectorized into 1-D vectors. Let {Am ∈ RL1 ×L2 } to be
the input image set and {am ∈ RL , m = 1, · · · , M } to be
the vectorized inputs L = L1 × L2 . PCA ﬁnds a projection
matrix W ∈ RL’×L to linear transform the data from am to bm
in which {bm ∈ RL’ , m = 1, · · · , M } is the compressed data
vectors in the low dimensionality feature space, i.e., L < L
, and thus the images are compressed. This linear projection
could be written as:
bm = am W T , m = 1, · · · , M

(1)

After that, the reconstructed data vectors {rm ∈ RL , m =
1, · · · , M } are obtained by the following backward projection:
rm = bm W T , m = 1, · · · , M

(2)

It is known that the mapping matrix W is composed by the
leading eigenvectors corresponding
to the L largest eigenvalM
ues of the covariance matrix C = m=1 (am − a)(am − a)T ,
where a is the mean vector of the image set. PCA algorithm follows the assumption that although the observed images
lie in a high dimensionality space RL , they are substantially
embedded in a much lower dimensionality feature space RL’ ,
thus the original images can be represented by the smaller
variables while keeping the most of important information. In
fact, since the HSI could be viewed as 3-order-tensors without
vectorization, the original tensor data should be embedded in
a lower dimensional tensor subspace which captures the most
of the variation in the original tensor space. According to this
fact, we have the following MTP algorithm which directly
processes the high-order-tensors and thus the original tensor
data is compressed on all orders simultaneously.
Suppose Am (m = 1, · · · , M ) is the tensor data set resides in the tensor space RL1 ⊗ RL2 ⊗ · · · ⊗ RLN , MTP aims to compress it to the reduced tensor data set Bm (m =


1, · · · , M ), which resides in the tensor space RL1 ⊗ RL2 ⊗

· · · ⊗ RLN , Ln < Ln , n = 1, 2, · · · , N . Ln for each mode is determined in practice. The proposed multiway tensor
compression can be expressed as the following multi-linear
projection:
T
T
B m = Am × 1 W T
1 ×2 W 2 ×· · ·×N W N , m = 1, · · · , M (3)

where W T
n (n = 1, · · · , N ) is a Ln ×Ln matrix containing

Ln orthonormal columns. The reconstructed tensors Rm ∈
L1 ×L2 ×···×LN

R

can be computed by:

Rm = Bm ×1 W 1 ×2 W 2 × · · · ×N W N , m = 1, · · · , M (4)
In order to obtain the optimal MTP matices W N , n =
1, · · · , N , we need to further deﬁne the scatter of a tensor data set. Here we take the reduced tensor data set
Bm ∈ RL1 ×L2 ×···×LN , m = 1, · · · , M as an example. Similar to the deﬁnitions in the vector space,
M the mean tensor of
Bm , m = 1, · · · , M is B = (1/M ) m=1 Bm , and the total
2
M 
scatter of the data set is deﬁned as ωB = m=1 Bm − B  .
In the nth
mode, nth-order total scatter matrix is deﬁned as
M
(n)
SB = m=1 (Bm(n) − Bm(n) )(Bm(n) − Bm(n) )T in which
Bm(n) is the nth-mode unfolded matrix of Bm .
Now we provide the objective function of the proposed
MTP algorithm. The basic idea of MTP algorithm is that the
larger of total scatter in the compressed subspace, the more
discriminative information is preserved in the reduced core
tensor subsets. Followed by this idea, the multilinear transformation matrices optimized by MTP should try to maximize
the total tensor scatter in the reduced tensor space:

{W n , n = 1, · · · , N } = arg

max

W 1 ,W 2 ,··· ,W N

ωB

(5)

By putting (3) into (5), we have:
{W n , n = 1, · · · , N } = arg

max

W 1 ,W 2 ,··· ,W N

M

m=1 Bm

− B2
(6)

To the best of our knowledge, there exists no closed form solution for the maximization (6). In this paper, we propose to optimize (6) with an iterative approach according to
the higher order tensor decomposition. It is known that if
(W 1 , · · · , W n−1 , W n+1 , · · · , W N ) are given, then the only
left projection matrix W n could be globally optimized by
combine the top Ln eigenvectors which corresponding to
the largest Ln eigenvalues of the covariance matrix Cn =
M
T
m=1 (Am(n) − A(n) )(Am(n) − A(n) ) , where Am(n) is the
(n)
(n)
n-order unfolded matrix of Am , and Am is deﬁned as
(n)
T
T
T
Am = Am ×1 W 1 · · · ×n−1 W n−1 ×n+1 W T
n+1 · · · ×N W N ,
(n)
i.e., Am is a tensor that all the orders of the original tensor are compressed except the n-mode. A(n) is the unfolded
matrix of A, while A is the mean tensor of the input M tensors. This fact indicates that if we set a suitable initial value
of the projection matrices, the objective function (6) could be
locally optimized. Furthermore, the convergence of such iterative approach is guaranteed as reported in some tensor papers
[18, 19]. The procedure of MTP algorithm is summarized as
follows:
According to the above procedure, MTP is the tensor extension of PCA which performs PCA on each order simultaneously. If the input data is a set of 1-order tensors, i.e.,
a set of vectors, then MTP and PCA are equivalent. Compared to conventional PCA, the proposed MTP has the following advantages: (1) MTP uses much less parameters than
PCA to construct the projection model. Suppose a tensor
A ∈ RL1 ×L2 ×···×LN , the compressed small size tensor is
B ∈ RL’1 ×L’2 ×···×L’N , the projection matrices are {W n ∈
RL’n ×Ln , n = 1, · · · , N }. MTP algorithm is directly process
on A, while PCA ﬁrstly reshape the tensor data into a vector,
i.e., a ∈ RL1 L2 ···LN , and then compress the data to the reduced
feature vector b ∈ RL’1 L’2 ···L’N . The projection matrix of PCA
is W ∈ R(L’1 L’2 ···L’N )×(L1 L2 ···LN ). Obviously, the size of W is
much larger than the sum of size {W n , n = 1, · · · , N }. In
other words, the MTP algorithm needs much less parameters
than PCA to build the projection model, thus MTP can avoid
the small sample size problem in practice. (2) MTP algorithm can preserve much more spatial-spectral constraints of the
HSI. It is mentioned above that PCA algorithm have to ﬁrstly
transform the HSI into an 1D vector, which destroys the structure information of HSI, since the adjacent rows, columns and
spectral channels are related and the potential information behind these relationship are useful for optimize the projection

Algorithm 1 procedure of MTP algorithm
Input: Given a tensor data set {Am ∈ RL1 ×L2 ×···×LN , m =
1, · · · , M , the compressed lower dimension Ln , n =
1, · · · , N , and the maximal iteration number Tm ;
Initialize For n = 1, · · · , N , calculate
M the eigendecomposition of the matrix C0 =
m=1 (Am(n) −
Ā(n) )(Am(n) − Ā(n) )T , where Am(n) is the n-order unfolded matrix of tensor Am . Then sort the eigenvalues of
this matrix and choose Ln eigenvectors corresponding to
the leading eigenvalues as W 0n .
repeat
• For n = 1 to N
(n)

T
Compute Am = Am ×1 W T
1 ×· · ·×n−1 W n−1 ×n+1
T
WT
n+1 × · · · ×N W N ;
(n)

Unfold Am to Am(n) ;
M
Compute Cn = m=1 Am(n) AT
m(n) ;

Select the top Ln eigenvectors to compose the column vectors of W tn .

• End
until Convergence or the iteration number t reaches Tm
Output: The multiway tensor projection matrices {W n , n =
1, · · · , N }, and the compressed tensor data set {Bm ∈
RL’1 ×L’2 ×···×L’N , m = 1, · · · , M }

model. (3) MTP is less space and time consuming.
N For PCA,
the size of each sample after vectorization is n=1 Ln , and
N
N
thus the size of covariance matrix is n=1 Ln × n=1 Ln ;
while for MTP, bwe need to compute N covariance matrices
but the size of each is only Ln × Ln , which is much smaller
than the covariance matrix of PCA. On the other hand, it is
known that the time complexity of eigen-decomposition on a
L × L matrix is O(L3 ) , so PCA will cost much more time
than MTP especially when the size of original image is very
large.
3. EXPERIMENTS AND ANALYSIS
In this section, two public available hyperspectral biological databases provided by Hong Kong Polytechnic University (HKPU) are used to demonstrate the effectiveness of the
proposed MTP algorithm for HSI compression. The ﬁrst
database is the hyperspectral face database, which includes
400 hyperspectral face images from 25 volunteers whose age
range from 21 to 33 (8 female and 17 male). There are three
kinds of human face images: the fontal view face images (151
images), the left hand view face images (124 images) and the
right hand view images (125 images). For each hyperspectral face image, there are 33 spectral channels per HSI and
the spectral range is from 400nm to 720nm with a step wavelength of 10nm. The original spatial size of the image is 220

× 180 pixels, in the experiment, in order to reduce the calculation cost, we down sampled each image to 44 × 36.
The second database is the hyperspectral palm print
database, which also provided by HKPU. The palm print images in this database were captured from 250 volunteers, including 195 males and 55 females. Since each volunteer has 2
palms captured, thus there are totally 500 HSI in this database.
The original spatial size of each palm print image is 128*128
pixels, similar to the hyperspectral face image, we down sampled each image to 32 × 32 in the experiments.
Fig. 1 shows the ﬁrst hyperspectral face image in all 33
spectral channels. It can be seen from Fig. 1 that some bands of images are with high visual quality while some bands
appeared very low signal-noise-ratio. Therefore, in the experiment we choose the HSI from bands 11 to 25 for compression and thus the size of each HSI is 44 × 36 × 15.
The inputs of MTP algorithm are 400 3-order-tensors, i.e.,
{Xm ∈ R44×36×15 , m = 1, · · · , 400}. While in PCA, because the feature dimensionality is too large for our computer
memory to process (the feature size is 44 × 36 × 15=23760
after vectorization), as an alternative, each band of 44 × 36
grey level image is reshaped to a vector and then considered as
an independent sample, thus we have 15×400=6000 vectors
as algorithm inputs, the feature size of each sample is reduced
to 44×36=1584, i.e., {xm ∈ R1584 , m = 1, · · · , 6000}.
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Fig. 1. The ﬁrst hyperspectral face image with 33 spectral
bands in the database 1.
In this paper, we compare the HSI compression performance of MTP and PCA by the measure the quality of the
reconstructed HSI under a ﬁx compression rate. The quality of the reconstructed HSI is evaluated by the Peak Signal
Noise Ratio (PSNR) value. The compression rate is deﬁned
as r = (L1 L2 L3 /L1 L2 L3 ) for MTP and r = L /L for PCA. Here we take the result of fontal view face image of the
1st volunteer as a case study. Table 1 shows some selected
spectral bands of the reconstructed images of MTP and PCA
compared to the original face image, and the corresponding
PSNR values are listed below each image. The related parameters are [L1 , L2 , L3 ]= [15,11,2] in MTP and L=22 in PCA,
and thus for both of the two algorithms, compression rate is
equal to 1.39 %.
From Table 1 it can be seen that images after compres-
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23.5676
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15.0516

13.1610

17.1202

9.6673

13.2289

Original
Face
Image

MTP
PSNR/dB

PCA
PSNR/dB

spectral curve of the certain pixel in the 1st volunteers reconstruction image at the compression ratio of 1.39%. The focused pixel is the center pixel of the volunteers eye (location
[18, 11]), as highlighted in Fig. 3(a). The black line in Figs.
3(b) and 3(c) give the original 15 bands spectral curve of the
HSI, while the reds lines show the curves that extracted from
the reconstructed HSI by MTP and PCA, respectively. From
Figs. 3 (b) and (c) it is clear that the error of MTP is much
smaller than PCA. Since the smaller error in Fig. 3 suggests
the better compression performance on the spectral domain,
thus all the above experiments demonstrate that the proposed
MTP algorithm performs better than PCA both in the spatial
and the spectral view.
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sion and reconstruction has more or less information losses,
but compared to PCA, the proposed MTP algorithm preserves
more spatial information of the original images. For all the selected images, the reconstructed faces are similar to the original faces and the reconstructed PSNR of MTP algorithm is
signiﬁcantly higher than PCA as well, this phenomenon suggests that the compression and reconstruction performance of
MTP is better than PCA.
Since Table 1 just provide the results of a few selected
bands of images from the single person, Fig. 2 presents more
comprehensive experimental results by compare the PSNR
values of the whole 15 bands of HSI of 4 different volunteers,
i.e., the 11th , 14th , 16th , and 20th volunteers, respectively, in
various of view conditions. The compression parameters setup is equal to the above experiment, i.e., at the compression
rate of 1.39%. It can be seen from Fig. 2 that for all of the 15
bands, the PSNR value of MTP algorithm is better than PCA.
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Fig. 2. The PSNR values of the whole 15 bands of HSI of 4
different volunteers in the database 1.
In order to show that the proposed MTP algorithm could
preserve the spectral signature of the HSI in the reconstruction data as well, Fig. 3 provide some observations on the

Value

3000

MTP
Original

2000
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0
0 2 4 6 8 10 12 14 16

Band

(a)

3000

Value

Table 1. The HSI reconstruction performance of MTP and
PCA algorithms in the database 1.

(b)

PCA
Original

2000
1000
0
0 2 4 6 8 10 12 14 16

Band

(c)

Fig. 3. (a) The location of analyzed pixel; (b) and (c) the
spectral curves in the reconstructed HSI by MTP and PCA
compared to original HSI in the database 1.

Each hyperspectral palm print has 12 spectral channels. Since all the images look ﬁne and have high signalnoise-ratio, we use all the bands of images in the experiment. Thus the size of each HSI is 32×32×12. Similar to the ﬁrst experiment, the inputs of MTP algorithm are
{Xm ∈ R32×32×12 , m = 1, · · · , 500} while the inputs of PCA are {xm ∈ R1024 , m = 1, · · · , 6000}.
Table 2 show the visual result of selected bands of images and the corresponding PSNR values on the database 2
before compression and after reconstruction of MTP and PCA, respectively. The related parameters are [L1 , L2 , L3 ]=
[12,20,2] in MTP and L=22 in PCA, thus the compression
rate is 3.91%. It is obvious that the proposed MTP preserves
more original information in the compressed data and thus the
reconstructed HSI is much more similar to the original HSI.
In order to show the HSI compression performance with
different compression rates, Fig. 4 investigates the compression rate respect to reconstruction error of the MTP and PCA
algorithm on the hyperspectral palm print database. In the
Fig. 4, the compression rates of the two algorithms varies
from 0.01 to 0.86. As we know, for the same compression
rate, the algorithm with lower reconstruction error indicates
the better performance. From Fig. 4, we learn that for most
of the time, the reconstruction error of MTP is less than PCA,
this observation suggests that the MTP performs better than
PCA on various of compression rates. We also notice that
there are 3 points where the PCA outperforms MTP, this phe-

Table 2. The HSI reconstruction performance of MTP and
PCA algorithms in the database 2.
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Fig. 4. Compression rate respect to reconstruction error of the
MTP and PCA algorithms in database 2.

4. CONCLUSION
In this paper, we proposed a multiway tensor projection (MTP) algorithm for biological HSI database compression and reconstruction. The MTP algorithm employ the arbitrary order
tensor as the inputs directly without the vectorization, and using an iterative procedure to ﬁnd the optimal projection matrix
in each order to make sure that the projected core tensor could
preserve most of the information present in the original tensor.
Nevertheless, there may still be room for improvement of the
proposed approach in practice, e.g., to provide some criteria
for estimating the parameters in MTP. This will be explored
in our future work.
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