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labeled data to the unlabeled data based on the relationships
between both labeled and unlabeled data [5][8][10][30].
Typical transductive label propagation algorithms consist
of the SSL using Gaussian Fields and Harmonic Functions
(GFHF) [10], Learning with Local and Global Consistency
(LLGC) [21], Linear Neighborhood Propagation (LNP) [5],
Special Label Propagation (SLP) [8] and Sparsity Induced
Similarity Measure for Label Propagation (SIS-LP) [22].
Note that these transductive methods aim to estimate the soft
labels of unlabeled data by receiving information partially
from the initial label and partially from its neighborhoods [5]
[8][10], where the latter part from neighborhoods is mainly
decided by a weighted neighborhood graph. The neighbor of
each sample is usually determined using K-neighborhood or
ε-neighborhood. For assigning weights, two popular ways
[13], i.e., Gaussian function and Locally Linear Embedding
(LLE)-style reconstruction weights [18], are widely used in
GFHF, LLGC, SLP and LNP. Note that the above weighting
methods may suffer from two shortcomings. First, Gaussian
function has to choose an optimal kernel width, which is not
easy in reality; Second, both methods have to determine the
neighborhood size and more importantly the neighbor size is
always fixed as the same value for each point artificially,
which is not reasonable in fact, since it does not consider the
distributions of real data. To obtain adaptive edge weights
for measuring pairwise similarities more accurately, several
recent LP methods apply a sparse coding based weighting
method, i.e., using the sparse codes as adaptive weights,
such as SIS-LP [22] and Label Propagation through Sparse
Neighborhood (LPSN) [27], etc. For obtaining adaptive
weights, the aforementioned methods apply a L1-norm based
sparse coding process that reconstructs each sample using a
linear combination of compact samples so that more accurate
neighborhood structures can be discovered to enhance the
label predictions. It must be noted that although different
weighting methods can be employed to encode the manifold
smoothness degree, virtually all existing LP models suffer
from one common drawback, that is, an independent graph
weighting process is performed before the label estimation.
Thus, the encoded weights separately cannot be ensured to
be optimal for subsequent label prediction, which may result
in decreased performance. It is also worth noting that the
existing adaptive edge weights based methods, e.g., SIS-LP
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the tricky process of choosing the optimal neighborhood size or
kernel width for graph construction, Adaptive-NP seamlessly
integrates sparse coding and neighborhood propagation into a
unified framework. That is, the sparse reconstruction error and
classification error are combined for joint minimization, which
clearly differs from traditional methods that explicitly separate
graph construction and label propagation into independent
steps, which may result in inaccurate predictions. Note that our
Adaptive-NP alternately optimize the sparse codes and soft
labels matrices, where the sparse codes are used as adaptive
weights for neighborhood propagation at each iteration, so the
tricky process of determining neighborhood size or kernel
width is avoided. Besides, for enhancing sparse coding, we use
the L2,1-norm constraint on the sparse coding coefficients and
the reconstruction error at the same time for delivering more
accurate and robust representations. Extensive simulations
show that our model can deliver state-of-the-art performances
on several public datasets for classification.
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I. INTRODUCTION
Semi-supervised learning (SSL) [1] has been an important
topic in the area of data mining [2][3]. Different from the
unsupervised/supervised methods, SSL methods can apply
small number of labeled data and large amount of unlabeled
data for learning, which well suits the characteristics of real
application data. That is, massive vision data or non-vision
data generated in real world and virtual networks are highdimensional and unlabeled, but labeled data is often costly to
obtain and the labeling process is time consuming [2].
In the past years, various graph-based (G-SSL) methods
[4][6-8][10][32-34] are presented due to elegant formulation
and successful applications. Two basic assumptions of GSSL are the cluster and manifold assumptions [12]. Label
propagation (LP), as a typical G-SSL algorithm for label
prediction, has been arousing considerable attention in more
recent years due to its effectiveness and fast speed. LP is a
process that propagates supervised class prior information of
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DOI 10.1109/ICDM.2016.26

201

II. NOTATIONS AND RELATED WORK

and LPSN, apply the Frobenius norm that is very sensitive to
noise and outliers in data [14-16] to encode the sparse
reconstruction error, which may also cause inaccurate sparse
representations for adaptive graph weighting.
In this paper, we propose a unified framework termed
Adaptive Neighborhood Propagation (Adaptive-NP) method
that seamlessly integrates sparse coding with neighborhood
propagation for transductive label prediction. Different from
existing LP methods that separate the graph construction and
label propagation explicitly into two independent steps, our
Adaptive-NP combines the sparse reconstruction error with
the classification error for simultaneous minimization, which
ensures the learnt sparse representations would be optimal as
adaptive graph weights for more accurate label predictions.
Note that our Adaptive-NP is solved in an alternate manner,
i.e., optimizing the sparse representations and soft labels,
where the sparse codes are used as the adaptive weights for
neighborhood propagation at each iteration. Based on the
unified framework, Adaptive-NP avoids the tricky process of
determining neighborhood size or kernel width, and more
importantly the learnt sparse representations are optimal for
adaptive weight construction. In addition, to improve the
robustness of the sparse coding process, we impose the L2,1norm constraint [14-16] on sparse reconstruction error and
also on the coding coefficients at the same time so that more
accurate and robust representations can be delivered for
encoding the neighborhoods to measure similarities, since
L2,1-norm can explicitly ensure the representation matrix
and the reconstruction error are sparse in rows, which can
ensure the sparse properties of the representations and can
also potentially reduce the reconstruction error to deliver
enhanced performances. The convergence behavior is also
theoretically analyzed, showing that the objective function of
our Adaptive-NP is monotonically decreasing in iterations.
Besides, the connection with other related LP criteria is also
discussed and several existing LP methods can be regarded
as special cases of our proposed formulation.
The paper is outlined as follows. Section II reviews the
related models briefly. Section III shows the formulation of
Adaptive-NP mathematically. The convergence analysis is
also shown. Section IV describes the settings and evaluation
results. Finally, the paper is concluded in Section V.
TABLE I.

A. Linear Neighborhood Propagation (LNP)
We briefly review the LNP method [5] that is closely related
to our model. Given a set of samples X = [ x1 , x2 ,..., xN ] ∈  n× N
and a class label set L = {1,2,..., c} , where n is the original
dimensionality of each sample xi , N is the number of
samples. For SSL, l points xi are considered as labeled, and
the rest u samples are unlabeled, where N = l + u . Note that
important notations used in this paper are shown in Table I.
Graph construction [4] [6-8] is a core of LNP, and it uses
the reconstruction weights to encode the similarities between
samples, i.e., LNP assumes the neighborhood of each point
are linear, so each point can be reconstructed using a linear
combination of its neighbors [5]. The minimization problem
for obtaining the reconstruction weights xi is defined as
ε = xi − ∑i :x
j

n
N
c
X = [ X L , X U ] ∈ n× N

X L = [ x1 , x2 ,..., xl ] ∈ n×l
X U = [ xl +1 , xl + 2 ,..., xl +u ] ∈  n× u
Y = [ y1 , y2 ,..., yl +u ] ∈ c× N
W = [ w1 , w2 ,..., wN ] ∈  N × N
c×N
F = [ f1 , f 2 ,..., f l + u ] ∈ 

ij

i

j

(1)

i

where  ( xi ) is the K-neighbor set of sample xi , xi is the j-th
neighbor of xi and wii denotes the contribution of each xi
for reconstructing xi . After the reconstruction weights of all
points are computed, a sparse weight W can be obtained by
j

j

j

W ( i, j ) = ⎣⎡ wij ⎦⎤ ∈  N × N ,

(2)

In each propagation step, by letting each object absorb a
fraction of label information from its neighbors and retain
some label information of its initial set, the predicted labels
F = [ f1 , f2 ,..., fl + u ] ∈  c× N of LNP can be obtained by
F T = (1 − α ) ( I N − αW ) Y T , F ∈ c× N ,
−1

(3)

where Y = [ y1, y2 ,…, yl + u ] ∈ c× N is the initial label matrix of
all samples and I N is an identify matrix in  N . Note that
yi , j = 1 if x j is labeled as i (1 ≤ i ≤ c ) and else yi , j = 0 .
0 < α < 1 is a control parameter. Finally, the label of each
object can be assigned as arg maxi ≤c Fi , j , that is, the largest
entry in each soft label vector fi determines the final hard
label of each point xi . According to [5][17], the objective
function of LNP can be formulated as

(

)

Min tr F ( I N − W ) F T + μ ∑ i =1 f i − yi
F

l +u

2
2

,

(4)

where • 2 is L2-norm of a vector. By applying the matrix
expression, the above objective function can be rewritten as

IMPORTANT NOTATIONS USED IN THE PAPER

Notation

2

w x , S.t. ∑i ∈( x ) wii j = 1, wii j ≥ 0 ,
∈ ( x ) ii j i j

Description

(

)

Min tr F ( I N − W ) F T + μ F − Y

Dimensionality of samples
Number of all the samples
Total number of sample labels
Whole set of samples
Original labeled set
Original unlabeled set
Initial class label matrix
Graph weight matrix
Predicted soft label matrix

F

(

= tr F ( I − W ) F
N

T

2
F

) + tr ( μ ( F − Y )( F − Y ) )
T

.

(5)

where • F is Frobenius norm, the first term is the manifold
smoothness term the second one is the label fitness term.
B. Sparsity Induced Similarity Measure for LP
We show another one more related approach called SIS-LP
that also use the sparse coding to define the adaptive weight
for LP. The main idea of SIS-LP consists of two steps. First,
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where F = [ f1 , f N ] ∈  c× N is a predicted soft label matrix,
Y ∈  c× N denotes the initial label matrix, S denotes a sparse
representation matrix or sparse coding coefficients matrix,
N
2
α and β are trade-off parameters, ∑ i =1 fi − Fsi 2 is the
N
manifold smoothness term, ∑ i =1 ui f i − yi 2 is a label fitness
N
N
term, ∑ i =1 xi − Xsi 2 +β ∑ i =1 si 2 is a L2,1-norm based sparse
coding term for computing the coding coefficients as the
adaptive weights for label prediction, and μi is adjustable
parameters for both labeled and unlabeled data, i.e., μi = 1010
for labeled data and else μi = 0 . It is clear that simultaneous
N
N
2
minimization of ∑ i =1 xi − Xsi 2 and ∑ i =1 f i − Fsi 2 ensures
that the learnt adaptive weights are optimal for measuring
neighborhoods over both training samples and predicted soft
labels. In addition, L2,1-norm can ensure the sparse property
of the representations and can also potentially improve the
manifold smoothness to deliver enhanced performances. It is
worth noting that the unified framework of our Adaptive-NP
can be performed alternately between the following steps:
(1) Adaptive weight construction by L2,1-norm based
sparse coding: We fix the soft label matrix F and focus on
learning the coding coefficients S to update the adaptive
graph weights. The reduced problem can be obtained as

SIS-LP seeks the Sparsity Induced Similarity Measure (SIS),
and then propagates label information from labeled points to
whole sets by using the SIS weights. Specifically, SIS-LP
can be regarded for solving the following two sub-problems:
⎧ Min S  , S .t . f k = Gk S
0
⎪ S
,
⎨
−1
⎪Gm = Dmm − ( D −1S )mm S mnGn
⎩

(

)

(6)

where S  is the L0-norm of S, and S = ( s1 ,..., sk −1 , sk +1 , sN ) is
the coding coefficient matrix after sparse decomposition. Let
F = { f1 , f 2 ,..., f N } denotes all label vectors of sample set X.
Gk = ( f1 ,..., f k −1 , f k +1 ,..., f N ) denotes the rest of label vectors in
F, and D denotes a N × N diagonal matrix with dii = ∑ j Si , j .
In summary, we obtain S by solving the linear programming
problem from the first problem in Eq. (6). Then, we can
propagate labels from the labels Gn of labeled data to labels
Gm of unlabeled data by S via the second formula in Eq. (6).
It is worth noting that virtually all existing LP methods,
including LNP and SIS-LP, etc, perform weight construction
and label prediction using two separable steps. Thus, learnt
sparse representations or coding coefficients or affinity
values cannot be ensured as optimal for subsequent label
prediction. To this end, we will propose a unified adaptive
LP framework that seamlessly integrates sparse coding with
LP so that the label prediction results are more accurate.
Τ

0

N
N
2
⎡N
⎤
Min J ( S ) = ∑ f i − Fsi 2 +α ⎢∑ xi − Xsi 2 +β ∑ si 2 ⎥ , (8)
S
i =1
i =1
⎣ i =1
⎦

where L2,1-norm is imposed on the coding coefficients and
the sparse reconstruction term X − XS 2,1 . It is clear that the
above problem forces the sparse representation matrix S to
simultaneously minimize the reconstruction errors over both
soft labels and samples, which can intuitively lead to the
enhanced label prediction performance. After the adaptive
weights are updated, we can learn the predicted soft labels
by optimizing the following adaptive LP process.
(2) Adaptive label propagation and prediction: The
sparse coding coefficient matrix S is fixed and we focus on
propagating labels of labeled data to the remaining unlabeled
data. We have the following LP formulation:

III. ADAPTIVE NEIGHBORHOOD PROPAGATION BY JOINT
L2,1-NORM REGULARIZED S PARSE CODING
A. Proposed Formulation
We propose Adaptive-NP to boost the performance of LNP
for predicting the unknown labels of unlabeled samples more
accurately. The improvements over LNP are twofold. First,
to overcome the drawback of existing methods that separate
the graph construction and label propagation, especially for
the sparse coding based adaptive LP methods, our AdaptiveNP proposes to combine the sparse reconstruction error with
classification error for simultaneous minimization so that the
learnt sparse representations can be ensured to be optimal for
measuring the manifold smoothness for more accurate label
predictions. Second, so as to reduce the sparse reconstruction
error in sparse coding, we regularize the robust L2,1-norm
[14][17][28] instead of Frobenius norm on the reconstruction
error and also on the coding coefficients at the same time to
compute the new adaptive weights so that more accurate and
robust representations can be obtained [25-26]. Thus, the
unified adaptive LP framework of Adaptive-NP can be
formulated involving two variables F and S as:

N

N

i =1

i =1

2
Min J ( F ) = ∑ f i − Fsi 2 + ∑ ui f i − yi
F

2

,

(9)

which is similar to the objective function of LNP in form
except that the weights are different. Based on the proposed
unified framework, we can obtain an adaptive weight matrix
S and a discriminative soft label matrix F jointly. In addition,
we use an efficient method to solve the L2,1-norm based
problems, which can potentially make the training phase
efficient and can also reduce the computation cost, compared
with solving the L0-norm or L1-norm based problems by
Orthogonal Matching Pursuit (OMP) [31] or other iterative
non-convex optimization.

Min J ( F , S ) =
F ,S
N

∑
i =1

B. Optimization
In this section, we show the optimization procedures for the
objective function of our presented Adaptive-NP method in

N
N
⎡N
⎤ , (7)
2
f i − Fsi 2 +∑ ui f i − yi 2 + α ⎢∑ xi − Xsi 2 +β ∑ si 2 ⎥
i =1
i =1
⎣ i =1
⎦
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Eq. (7). Before describing of optimization of our problem,
let us introduce the Lr,p-norm first. For a matrix A ∈  n× N ,
its Lr,p-norm is defined as follows [14]:
⎛ n
A r , p = ⎜ ∑i
⎝

(∑

N
j =1

Aij

r

)

p/r

wi

.

(10)

Clearly, when p = r = 2 , it identifies the commonly used
Frobenius norm or L2-norm; when p = 1, r = 2 , it becomes
the commonly used robust L2,1-norm.
Next, we describe the optimization. It is clear that the
formulation of our Adaptive-NP involves two main variables
( S , F ) to optimize. More importantly, the two variables
depend on each other, thus the optimization problem of our
Adaptive-NP cannot be solved directly. By following the
common procedures, we optimize Adaptive-NP by using an
alternate strategy, i.e., updating one of the variables each
time by fixing the others. We first express the objective
function of our Adaptive-NP in Eq. (7) using matrix form as
Min J ( F , S ,V ) = F − FS
F , S ,V

(

2
F

+ α X − XS

(

+tr ( F − Y )UV ( F − Y )
2,1

+β S

2,1

Τ

)

)

S

2

(

+α X − XS
F

+β S
2,1

2,1

),

(

Min ℘( S , G , Q ) = tr ( F − FS )( F − FS )

T

)

( (( X − XS ) G ( X − XS ) ) +β tr ( SQS ))
T

+α tr

(

,

Τ

S t +1 = ( Ft Τ Ft + α X ΤGt X + αβ Qt )

.

(16)

−1

(α X

Gt X + Ft Τ Ft ) .

Τ

(17)

It should be noted that minimizing tr ( S ΤQS ) = S 2,1 / 2 will
add explicit sparsity constraint on S [14-17].
(2) Given the adaptive weights using the sparse codes
S, update the label matrix F. We show the optimization for
delivering the soft labels for label assignment. Specifically,
we update the soft label matrix F and diagonal matrix V by

, (11)

(

Τ

) (

Τ

)

Min ℘( F ,V ) = tr ( F − FS )( F − FS ) +tr ( F − Y )UV ( F − Y ) . (18)
F ,V

By taking the derivate of ℘( F ,V ) with respect to the
variable F, the solution can be formulated as
∂℘( F ,V ) / ∂F = 2 F ( I − S )( I − S ) + 2 FUV − 2YUV ,
Τ

(19)

and by setting the above derivate to zero, we can update Ft+1
at the (t+1)-th iteration by

(

Ft +1 = (YUVt ) ( I − St )( I − St ) + UVt

(12)

Τ

)

−1

.

(20)

When the soft label matrix Ft+1 is updated, we can
compute the diagonal entries for V as
i
i
Vii = 1 / ⎡⎢ 2 f t +1 − y ⎤⎥ .
⎣
2⎦

(21)

After convergence of algorithm, we can get the optimal
adaptive weights S and label matrix F ∗ , where the position
corresponding to the biggest element in the label vector fi
determines the class assignment of each xi . That is, the hard
label of each test data xi can be assigned as arg max i ≤ c ( f i )i ,
where ( fi )i is the i-th entry of estimated soft label vector fi .
For complete presentation of the approach, we summarize
the procedures of Adaptive-NP in Algorithm 1.

(13)

T

)

⎡ i ⎤
⎡ i ⎤
Gii = 1 / ⎢ 2 m
Qii = 1 / ⎢2 s t ⎥ .
t
⎥
⎣
2⎦
⎣
2⎦

(15)

j =1

2

By further setting ∂℘( S , G , Q ) / ∂S = 0 , we can update St +1
at the (t+1)-th iteration by

since F − FS F = tr ( F − FS )( F − FS ) , S 2,1 = tr ( 2S ΤQS ) ,
where G ∈ n×n and Q ∈  N × N are diagonal matrices whose
diagonal elements are defined as
2

j =1

− ( 2∂X ΤGX + 2 F Τ F )

which is also the matrix form of the problem in Eq.(8). Note
that the L2,1-norm based term X − XS 2ˈ1 +β S 2,1 for
adaptive weights construction by sparse coding is generally
convex [14], but the derivative does not exist when mi = 0 or
1; m
 2 ;...; m
 N ⎤ . Thus,
s i = 0 where i = 1, 2,..., N , M = X − XS = ⎡ m
i
i
⎢
⎣
⎦⎥
 ≠ 0 and s ≠ 0 , i = 1, 2,..., N , the above formulation
when m
in Eq.(12) can be expressed involving several variables as
S ,G ,Q

i =1

K

∂℘( S , G , Q ) / ∂S = ( 2 F Τ FS + 2α X ΤGXS + 2∂β QS )

where U is a diagonal matrix with μ i as its elements, and V
is also a diagonal matrix whose element is represented as
i
i
⎛
⎞
Vii = 1 / ⎜ 2 f − y ⎟ by the definition of L2,1-norm [14-16],
N⎝
2⎠
i.e. ∑ i =1 ui f i − yi 2 can be treated as a weighted L2,1-norm,
 = F T = ⎡ f i ; f 2 ;...; f N ⎤ , Y = Y T = ⎡ y i ; y 2 ;...; y N ⎤ . Next,
where F
⎣⎢
⎦⎥
⎣⎢
⎦⎥
we detail the optimization process.
(1) Given the soft label matrix F, update the sparse
codes S. We first show how to solve S, that is to solve the
problem in Eq. (8) with the soft label matrix F and V fixed.
Therefore, the above problem can be simplified as
Min J ( S ) = F − FS

K

where K is the number of nearest neighbors of each xi . Note
that when S is known, we can compute G and Q according
to the definitions of Gii and Qii in Eq. (14). After G and Q are
updated, we are ready to update S. By taking the derivate of
℘( S , G , Q ) with respect to S, we can easily have

1/ p

⎞
⎟
⎠

2

n

Min
∑ xi − ∑ w i, j x j , Subj ∑ w i, j = 1, w i , j ≥ 0 ,


C. Convergence Analysis
Adaptive-NP is solved in an alternative manner, so we want
to show its convergence behavior. First, a lemma [29] that
can assist the proof is provided.
Lemma 1. For any nonzero vectors a and b , the following
inequality holds:

(14)

Note that we initialize S with LLE-reconstruction weight
 ij ⎤ ∈  N × N [18]. The weights for reconstructing
matrix W = ⎡⎣ w
⎦
each xi are obtained for each data by the following problem:

2
2
2
a 2 − a 2 / ⎡⎣2 b 2 ⎤⎦ ≤ b 2 − b 2 / ⎡ 2 b 2 ⎤ .
⎣
⎦
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Figure 1. Convergence behavior of Adaptive-NP, where the first row shows the results of objective function and the second row indicates the
divergence between consecutive soft label matrices F.

Then, the convergence behavior of our Adaptive-NP is
summarized in the following theorem.
Proposition 1. The objective function value of the problem of
our Adaptive-NP during the iterations is non-increasing using
the presented optimization procedures.
Proof: When we fix V as Vt in the t-th iteration to compute
St +1 and Ft +1 the following inequality holds:
J ( St +1 ,Vt , Ft +1 ) ≤ J ( St ,Vt , Ft ) .
N
i
Because we have M 2,1 = ∑ i m
above inequality indicates:

F − FS

2
F

(

+ tr ( Ft +1 − Y )UVt ( Ft +1 − Y )

⎛ i
⎜ m t +1
α ∑ ⎜
i =1 ⎜
i
⎜ 2 mt
⎝
N

≤ F − FS

2
F

⎛ 
N ⎜ m
α ∑ ⎜
i =1 ⎜
i
⎜ 2 mt
⎝

⎞
⎟
⎟ +αβ St +1
2⎟
⎟
⎠

2
2
2
2


− m

i
t +1

(

Τ

2
2

) +α M

⎞
⎟
i
 t ⎟ +αβ S
− m
t
2⎟
⎟
⎠

2,1

) +α M

⎛ 
N ⎜ s
+ αβ ∑ ⎜
2,1
i =1 ⎜
i
⎜ 2 st
⎝

− s

2
2
2

⎞
⎟
⎟
2⎟
⎟
⎠

2
2

2


2m

2
2

i
t

 it +1 ≥
− m
2

2


2m

t
i

2

s it +1
2 s

i
t

i
− s t +1 ≥
2

2

 it
− m
2

.

2

i
s t

2

2 s

i
t

2

t −1

t

t 2,1

+αβ S t +1

+αβ S t

2,1

,

2,1

2

,

(27)

which can guarantee that the final results will not be changed
drastically. Note that we provide some convergence analysis
results for illustration, where we show two groups of results.
The first group is about the objective function and the other is
the divergence between two consecutive soft label matrices F
using the evaluation metric in Eq. (27). The convergence
analysis results averaged over 20 times iterations are shown in
Figure 1. In this study, three face image databases, i.e., Yale
face, ORL face and AR male face sets are used. The detailed
introduction about these face datasets are shown in Table II.
As can be seen from Figure 1, the objective function values of
Adaptive-NP are non-increasing during the iterations and they
converge to a fixed value. Besides, the divergence between
consecutive soft label matrices also converges to zero, which
means that the final results will not be changed drastically. It
is worth noting that the convergence speed is relatively fast,
and the number of iterations is usually less than 10.

⎞
⎟
i
− s t ⎟
2⎟
⎟
⎠

2

2
2
2

2

t

2

. (24)

2

 ti
m

t +1 2,1

Τ

N

Recalling the inequality in Lemma 1, we can obtain that

 it +1
m

F

t +1

t

Error ( t ) = ∑i =1 ft i+1 − ft i

t 2,1

i 2
t
2

2

Τ

t +1

which inequality indicates that the objective function in Eq. (9)
will monotonically decrease in the iterations. In addition, since
the objective function has lower bounds, such as zero, the
above iteration will converge. One problem should be pointed
out here, that is, the above Proposition only indicates that the
objective function is non-increasing. But we still do not know
whether F converges, where F is the major variable to pursue.
Thus, we also would like to measure the variance between two
sequential Fs by the following metric:

2
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+ tr

(26)

N
= ∑ i Si , the

2

2
F

≤ F − FS

t +1 2,1

⎛ i
⎜ s t +1
+ αβ ∑ ⎜
2,1
i =1 ⎜
i
⎜ 2 st
⎝
Τ

F − FS

(23)

N

+ tr ( Ft − Y )UVt −1 ( Ft − Y )

i 2
t
2

and S
2

By combining Eq. (24) with Eq. (25), we can achieve the
following result:
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the biggest element in the label vector f ( xnew ) determines the
class assignment of xnew .
To illustrate the effectiveness of using our Adaptive-NP
for including the out-of-sample points, we prepare a
simulation to verify this. We describe the comparison results
with those methods e.g., LNP and SIS-LP, which are closely
related to our Adaptive-NP. Note that we adopt the same
inductive method to extend SIS-LP to out-of-sample data as
LNP does. In this study, three real-world image datasets, i.e.,
COIL20 object database, Yale face database and Georgia Tech
face database are involved. Note that COIL20 object database
has 72 subjects with 1440 records, and Georgia Tech face
database has 15 subjects with 750 face images as a whole. The
number of K used in nearest neighbor search here is set to 7
for each method. We show the results in Figure 2, where the
number of unlabeled training set is also fixed in each
simulation, the number of labeled training set is varied, and
the rest is considered as outside points. Thus, we can observe
the change trends. The horizontal axis is the number of labeled
training set from each class. It is clear that the prediction
performance can be effectively improved with the increasing
number of labeled training data from each class. It can also be
noted that our Adaptive-NP delivering consistent better results
than the other two methods in investigated cases.

D. Approach for Including Outside Samples
We discuss the approach for our Adaptive-NP to include the
out-of-sample samples using the similar method as LNP.
Given a new test data xnew , we first search its K-neighbors
from labeled training samples, and then seek the coefficient
vector w ( xnew , x ) that measures the contribution of its neighbors
for reconstructing xnew . Similar to LNP for inclusion, we use
the same smoothness criterion for xnew by solving a problem:
ϑ ( f ( xnew ) ) =

∑

w ( xnew , xi ) ( f ( xnew ) − f i ) .
2

i : xi ∈ X L , xi ∈ ( xnew )

(28)

Since ϑ ( f ) is convex in f ( xnew ) , it is minimized when:
f ( xnew ) = ∑ i: x ∈X
i

L , xi ∈

( xnew )

w ( xnew , xi ) f ,

(29)

i

where  ( xnew ) is the K-neighborhood of xnew . Finally, the
label of xnew can be optimally reconstructed from the labeled
samples in the training set, that is:
2

f ( xnew ) = min f ( xnew ) −
f ( xnew )

∑

i : xi ∈ X L , xi ∈ ( xnew )

w ( xnew , xi ) f i , (30)

from which we can obtain the soft label vector f ( xnew ) of xnew
by minimizing Eq. (30), where the position corresponding to
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Figure 2. Out-of-Sample data inclusion performance of each method on (a) Yale face; (b) Georgia Tech face; (c) COIL20 object.

E. Connection to Sparse Coding Based Adaptive LP Methods
We mainly show the differences and connections with SIS-LP
[22] and LP through Sparse and its applications (LPSN) [27].
The main difference between our proposed Adaptive-NP and
existing sparse coding based adaptive LP methods, e.g., SISLP and LPSN, is that our Adaptive-NP seamlessly integrates
sparse coding and neighborhood propagation into a unified
framework, but existing SIS-LP and LPSN explicitly separate
the processes of sparse coding and label propagation into two
independent steps. We illustrate the differences by using the
following working principle diagrams in Figure.3.
SIS weight is a sparse decomposition coefficient matrix,
which used to measure the similarities among data points. The
main idea of SIS-LP is that coefficients in such a sparse
decomposition reflect the point’s neighborhood structure thus
providing better similarity measures among the decomposed
data point and the rest of the samples.

Figure 3. Comparison of the working principles of our Adaptive-NP
and the existing SIS-LP and LPSN methods.
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TABLE II.

DESCRIPTION OF THE FACE RECOGNITION DATABASES

Dataset Name

#Classes (c)

#Dim (n)

#Points

15
39
40
50
50
10
38

1024
1024
1024
1024
1024
1024
1024

165
435
400
1300
1300
3240
2414

Yale face
Indian male face
ORL face
AR male face
AR female face
MIT face
YaleB face
T ABLE III.

dataset into a labeled set and an unlabeled set. Besides, we use
the grid search approach to select the parameters. All the
experiments are carried out on a PC with Intel (R) Core (TM)
i5-4590 @ 3.30Hz 8.00 GB.
A. Visualization of Adaptive Weights by Sparse Coding
For the purpose of classification, the weight matrix should
have powerful discriminating capability for different classes.
In ideal conditions, the weight matrix should also be enforced
to be block-diagonal so that each sample can be reconstructed
by the samples of the same class as much as possible, which
can potentially improve the classification performance. Thus,
in this study, we mainly illustrate the adaptive weights in our
method for visual evaluation. Four public face sets including
Yale, MIT, AR male and YaleB (The detailed descriptions of
these datasets will be shown in Table II) are used as examples.
For each database, we select 5 face images from each class to
form the labeled training set and treat the rest as unlabeled.
Figure 4 illustrates the constructed adaptive reconstruction
weight matrices over each database, which the elements of the
weight matrices reflect the similarity information between any
pair of samples. The larger the reconstruction weight values,
the lighter the corresponding pixels in the illustration of the
weight matrices, where each column of the results corresponds
to the adaptive reconstruction weight vector of each sample
and the larger weight values mean the bigger contribution of
reconstructing given sample. The reconstruction contribution
degree measures the similarity of the sample pair, i.e., the
more similar the sample pair is, the larger the contribution
degree for reconstructing the paired sample is. From Figure 4,
we find that our Adaptive-NP can ensure the block-diagonal
structures of the coding coefficients well, that is, less interconnections that may decrease performance are included. Note
that the similar sample pairs are more likely to come from the
same subject/class, which is the major reason why the
computed reconstruction weight matrices have block-diagonal
structures. It should be noted that constructed reconstruction
weights are adaptive in our model, because no neighborhood
size is pre-defined, which is actually one contribution of our
manuscript. Moreover, less unfavorable mixed signs are
included in the visualization results. In addition, because we
regularize the L2,1-norm on the weight matrix for iterative
optimization, the adaptive graph weights would be potentially
discriminated and robust to noise.

DESCRIPTION OF THE THREE UCI DATABASES

Dataset Name

#Classes (c)

#Dim (n)

#Points

Statlog
Balance Scale
SPECT Heart

7
3
2

19
4
22

2310
625
267

In Figure 3, W weight in LSPN denotes the reconstruction
coefficient matrix, where Wij is the contribution of x j ∈ N ( xi )
to xi , and N ( xi ) represents the neighborhood of x i . LPSN
algorithm assumes that, for the i-th sample xi , the soft label of
xi can be linearly reconstructed by its sparse neighborhoods.
From Figure 3, it is clear that: (1) our proposed Adaptive-NP
only needs one step, which ensures the reconstruction error
and classification error can be jointly minimized. Besides, the
optimization of L2,1-norm based problems is more efficient
than those of L0- and L1-norm minimization used in SIS-LP
and LPSN, which will reduce the computational cost and is
time-saving during the training phase; (2) SIS-LP and LPSN
explicitly involves two separable steps, that is, graph weight
construction plus label propagation, which cannot ensure the
learnt sparse representations are optimal for classification.
IV. EXPERIMENTS
We perform experiments to illustrate the effectiveness of our
Adaptive-NP in several aspects in this section, i.e., we mainly
evaluate our algorithm by visual observation of constructed
weights, by quantitative evaluation of data classification and
by investigating the effects of model parameters. Note that the
classification performance of our Adaptive-NP is compared
with several related label propagation models, including SLP
[8], LNP [5], LLGC [21], LapLDA [9], GFHF [10], Prior
Class Dissimilarity based LNP (CD-LNP) [7], SIS-LP [22]
and SparseNP [17]. For fair comparison, all the simulations
are repeated 15 times and the averaged results are reported.
For transductive classification, we randomly split each given

(a) AR male face

(b) Yale face

(c) MIT face

(d) YaleB face

Figure 4. Illustration of weight matrix S constructed using the proposed algorithm on the face database.
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B. Face Recognition
We examine our Adaptive-NP method for face representation
and recognition. The face recognition performance is mainly
compared with those of SLP, LNP, LLGC, LapLDA, GFHF,
CD-LNP, SIS-LP and SparseNP. In this experiment, six real
face image databases, i.e., Yale, Indian male face, ORL, AR
male face, AR female face and MIT, we tested. The detailed
descriptions about the databases are summarized in Table II,
including dataset name, class number, data dimension and the
number of images. As is common practice, all the images are
resized into 32 × 32 pixels, so each image corresponds to a
data point in a 1024-dimensional space. Meanwhile, we have
shown some typical image examples of those face databases
in Figure 5. Table IV shows the statistics of each method,
where we report the mean accuracy (%), standard deviation
(%) and run time (s) for each algorithm. Under each setting,
we vary the number of labeled object face images from 1 to 8
with interval 1 and took the average. We observe from the
results in Table IV that our Adaptive-NP obtains higher
accuracies compared with the other recent LP methods in
most cases, which can be attributed to the more reasonable
and general formulation for seamlessly integrating the sparse
coding and neighborhood propagation into a unified
framework so that the sparse reconstruction error and the
T ABLE IV.

Setting
Method
SparseNP
SLP
LNP
LLGC
LapLDA
GFHF
CD-LNP
SIS-LP
Adaptive-NP

classification error can be minimized simultaneously. Note
that SIS-LP method works well in some cases and obtains the
better results than other remaining methods on the AR face
datasets. SparseNP also performs in some cases and delivers
higher accuracies than others on Yale, Indian male face and
ORL face databases. The results of GFHF, LLGC, SLP and
LNP are comparative with each other in most cases.

(b) ORL face

(c) Yale face

(d) Indian male face

(e) AR male face
(f) AR female face
Figure 5. Image examples of face databases.

PERFORMANCE COMPARISON OF E ACH ALGORITHM UNDER DIFFERENT SETTINGS BASED ON S IX FACE DATABASES.

Yale
Mean/Std/Time
63.82/6.88/0.030
63.04/7.34/0.026
62.16/7.45/0.026
51.24/7.18/0.025
60.33/6.58/0.374
62.72/7.50/0.025
57.64/7.65/0.027
61.78/15.7/1.854
73.28/10.5/0.038

AR-female
Mean/Std /Time
30.36/8.82/2.104
29.46/8.65/1.081
29.76/7.87/0.899
25.91/6.47/1.035
37.42/8.15/0.984
29.57/8.42/0.869
22.52/4.44/1.059
62.37/19.3/102.9
85.61/11.8/2.301

AR-male
Mean/Std/Time
32.85/9.26/2.141
31.99/9.32/1.102
31.65/8.57/0.934
27.88/6.80/1.058
41.19/8.90/1.018
32.13/8.95/0.901
23.64/4.70/1.082
65.30/18.1/104.1
86.20/11.2/2.369

SPECT-Heart
Mean/Std/Time
61.36/1.57/0.060
63.71/2.14/0.030
62.87/2.53/0.027
61.91/2.25/0.030
55.19/14.9/0.015
63.70/2.10/0.026
64.42/3.31/0.032
65.42/6.62/1.142
82.51/3.74/0.031

Balance-scale
Mean/Std/Time
71.22/3.20/0.401
70.86/4.21/0.166
69.57/3.34/0.140
69.69/3.74/0.171
72.55/4.40/0.048
69.71/4.00/0.141
65.07/3.03/0.173
56.63/7.02/4.808
86.85/5.24/0.203

Indian-male
Mean/Std/Time
57.54/8.71/0.154
56.38/9.62/0.109
55.91/8.73/0.099
46.90/5.73/0.101
54.52/7.07/0.501
56.53/8.74/0.099
51.82/7.90/0.115
51.56/17.6/8.221
59.93/12.7/0.246

MIT
Mean/Std/Time
88.43/5.97/
39.86//19.1/
88.43/5.97/
67.91/13.5/
67.49/13.3/
89.17/4.86/
94.94/3.98/
51.72/21.2/
97.74/2.99/

ORL
Mean/Std/Time
89.52/6.25/0.114
88.88/6.18/0.091
87.78/6.79/0.083
78.63/6.05/0.087
85.51/4.54/0.478
88.67/6.45/0.080
82.20/5.89/0.098
82.58/14.9/7.171
92.13/6.00/0.190

can clearly see that better results have been delivered by our
Adaptive-NP due to the formulation of seamlessly integrates
the sparse coding and neighborhood propagation into a unified
model, which clearly differs from traditional label propagation
methods that explicitly separate graph construction and label
propagation into two independent steps. For enhancing sparse
coding, we regularize the L2,1-norm constraint on the coding
coefficients and the reconstruction error at the same time for
delivering the more accurate and robust representations.

TABLE V. PERFORMANCE COMPARISON OF E ACH ALGORITHM UNDER
DIFFERENT SETTINGS B ASED ON THREE UCI DATABASES

Setting
Method
SparseNP
SLP
LNP
LLGC
LapLDA
GFHF
CD-LNP
SIS-LP
Ours

(a) MIT face

Statlog
Mean/Std/Time
75.68/4.24/16.34
72.83/16.4/4.232
73.03/5.53/3.403
70.63/8.63/4.110
76.53/2.56/0.419
71.75/4.08/3.406
73.78/4.84/3.861
66.21/3.92/164.3
80.15/2.94/6.703

D. Robustness Analysis
Note that our proposed Adaptive-NP by joint L2,1-norm
regularized sparse coding for adaptive weight construction and
robust adaptive label prediction, so we would like to evaluate
our algorithm for dealing with the cases with noise corruptions,
along with illustrating the comparison results.
In this case study, we examine each method to recognize
the face images under corrupted image pixels with varying
noise concentration values. Three real-world face image
databases, i.e., ORL face database, Indian male face database
and Yale face database, are employed. For each database,
random Gaussian noise is manually added to given training

C. Classification on UCI Datasets
This study tests the recognition power of our Adaptive-NP on
three UCI datasets. We evaluate the performances of our
model and compare with the others using three UCI datasets,
including a Statlog database, a Balance Scale database and a
SPECT Heart database. Table III describes the information
about these three datasets. Table V summarizes the averaged
accuracy (%), standard deviation (%) and running time (s)
under various numbers of labeled training set, from which we
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data by Data = Data + Var × randn ( size( Data ) ) , where var is
noise concentration. We prepare the following experimental
settings for evaluations. That is, we aim at fixing the number
of training face images from each database as 9, 7 and 5
respectively, and add random noise to the training sets. The
evaluation results on the noisy cases are shown in Figure 6 (ac), where the horizontal axis denotes the noise concentration
and the vertical axis is the mean accuracy averaged over 20

times random splits of training/test samples. We have the
following observations. The overall performance of each
algorithm is decreased when the level of noise is increased
from low to high level, but it should be noted that the result of
our method go down slower than other methods. In other
words, our method can obtain a relatively promising and
stable superiority performance, that is, our proposed method is
more robust to noise when the noise level is increased.
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(a) Indian male face
(b) ORL face
(c) Yale face
Figure 6. Classification results of each method under different random noise concentrations on three face datasets.

E. Parameter Sensitive Analysis
We discuss the effects of different parameter selections on the
classification performance of our Adaptive-NP method in this
section. We illustrate the results by respectively fixing one of
the two parameters ( α ǂ
, β ) and use the approach of grid search
to explore the effects. For each pair of parameters, we average
the results based on 15 random splits with varied parameter α
and β from {10 −9 ,10 −7 ,...10 −1 ,101 ,...,107 ,10 9 } .
Due to the page limitation, we only use the Indian females
face dataset (totally 22 subjects with 242 faces as a whole) as
an example and we choose 9 samples of each class as training
set. The parameter selection results are illustrated in Figure 7,
where the vertical axis is the mean accuracy. We can observe
from the results that our Adaptive-NP performs well in a wide
range of parameters in each group, that is, our method is not
very sensitive to the model parameters. Note that the above
parameter settings are used in the face recognition simulations.
It is also worth noting that similar findings for the parameter
selections can be found from other datasets in most cases, but
the results will not be shown due to page limitation.

V. CONCLUDING REMARKS
We have discussed the adaptive transductive label propagation
via joint L2,1-norm regularized sparse coding for predicting
the labels of samples. Different from virtually all the existing
label propagation methods that pre-computes the edge weights
separately before the label prediction, our algorithm explicitly
incorporates the adaptive edge weights construction by L2,1norm based sparse coding into the neighborhood propagation
framework to form a unified model that can ensure the sparse
reconstruction and label reconstruction errors can be jointly
minimized so that the prediction results will be more accurate.
Besides, the regularized L2,1-norm can make the process of
sparse coding robust to noise and can also potentially reduce
the sparse reconstruction error. The convergence behavior of
our method is also theoretically and experimentally studied.
We have evaluated our algorithm for visual observation of
weights and the quantitative comparison of data classification
with several related label propagation models. Visualization of
graph weights show that the true subspaces can be accurately
discovered in most cases, which would potentially improve the
label prediction power. Classification on real image databases
and standard UCI datasets also demonstrates that remarkable
results can be delivered by our technique, compared with eight
related methods. In addition, we will investigate to extend this
model to out-of-sample scenario for handling new data. Also,
extending our method to other related application areas, e.g.,
image segmentation and retrieval, is also worth studying.
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