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Abstract— Spectral clustering (SC) methods have been successfully applied to many real-world applications. The success of
these SC methods is largely based on the manifold assumption,
namely, that two nearby data points in the high-density region
of a low-dimensional data manifold have the same cluster
label. However, such an assumption might not always hold on
high-dimensional data. When the data do not exhibit a clear
low-dimensional manifold structure (e.g., high-dimensional and
sparse data), the clustering performance of SC will be degraded
and become even worse than K -means clustering. In this paper,
motivated by the observation that the true cluster assignment
matrix for high-dimensional data can be always embedded in
a linear space spanned by the data, we propose the spectral
embedded clustering (SEC) framework, in which a linearity
regularization is explicitly added into the objective function of
SC methods. More importantly, the proposed SEC framework
can naturally deal with out-of-sample data. We also present
a new Laplacian matrix constructed from a local regression
of each pattern and incorporate it into our SEC framework
to capture both local and global discriminative information
for clustering. Comprehensive experiments on eight real-world
high-dimensional datasets demonstrate the effectiveness and
advantages of our SEC framework over existing SC methods
and K -means-based clustering methods. Our SEC framework
significantly outperforms SC using the Nyström algorithm on
unseen data.
Index Terms— Linearity regularization, out-of-sample clustering, spectral clustering, spectral embedded clustering.

I. I NTRODUCTION

C

LUSTERING is one of the fundamental topics in
machine learning and data mining. It has been widely
used in various domains ranging from engineering and science
to economics. The primary goal of clustering is to group
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similar patterns into the same cluster, and discover the meaningful structure of the data [1]. Over the past decades, a large
family of clustering algorithms such as K -means clustering
and mixture models [2]–[4] have been widely studied. Selforganizing map methods [5], [6] have also been used to reveal
and visualize the cluster structures of data. Moreover, clustering methods such as kernel-based clustering [7], [8], spectral
clustering (SC) [9]–[13] and support vector clustering [14]
have been developed to capture nonlinear cluster structures.
Recently, maximum margin clustering methods [15]–[17] have
been proposed to find a decision boundary in some low-density
region of the data that separates data points into two opposite
clusters. Structured outputs and loss functions have also been
incorporated into the design of clustering algorithms [18].
Although many clustering methods have been proposed,
partitioning high-dimensional data points into their relevant
clusters remains one of major challenges for clustering. For
instance, K -means clustering iteratively assigns each data
point to the cluster with the closest center based on some
distance/similarity measurements and updates the center
of each cluster. However, the estimated distance/similarity
measures on high-dimensional data may not be accurate,
resulting in degraded clustering performances of K -means
clustering. In practice, many high-dimensional data may
exhibit dense grouping in a low-dimensional subspace.
Hence, researchers usually resort to projecting the highdimensional data onto the low-dimensional subspace via some
dimension reduction techniques such as principal component
analysis before performing cluster analysis. Several works
have been proposed to perform K -means clustering and
dimension reduction iteratively for high-dimensional data
[19]–[21]. Recently, Ye et al. [22] proposed discriminative
K -means (DisKmeans) clustering which unifies the iterative
procedure of dimension reduction and K -means clustering
into a trace maximization problem. However, DisKmeans
clustering does not consider the local geometry structure
(a.k.a. low-dimensional manifold) of the data [23], [24].
The use of such manifold information in SC has brought
the state-of-the-art clustering performance in many highdimensional applications, such as image segmentation [9],
[10]. The basic idea of SC is to find a cluster assignment of the
data points by using the spectrum of the similarity matrix that
captures the nonlinear and low dimensional manifold structure
of the data. Moreover, the variants of the SC methods have
demonstrated many interesting properties for clustering. For
instance, normalized cuts can balance the volume of clusters
using data density information [9]. Self-tuning SC can learn
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the parameters automatically in an unsupervised setting [25].
Note that SC heavily relies on the manifold assumption [24],
namely, that two nearby data points in the high-density region
of a low-dimensional data manifold have the same cluster
label. However, for high-dimensional and sparse data, nearest
neighbors may actually still be far away from each other
due to the bias introduced by the curse of dimensionality.
Hence, the similarity matrix of the data could not effectively
reflect an evident low-dimensional manifold structure (i.e., the
manifold assumption does not hold here), and the clustering
performance of SC would be degraded dramatically.
In addition, traditional SC methods usually do not provide
a natural extension to cope with out-of-sample data points.
Several methods [11], [26], [27] have been proposed to address
this issue. For example, the methods described in [11] and [26]
respectively used some heuristics and the Nyström method to
approximate the implicit eigenfunction for the new data points.
However, its clustering performance heavily depends on the
approximation quality of the affinity matrix A defined between
the in-sample and new data points. Apart from approximation
methods, Alzate and Suykens [27] recently proposed to use an
error correcting output code (ECOC) approach [28], [29] for
SC with out-of-sample extension. First, the row of the eigenvectors corresponding to each training data point is binarized
into an encoding vector. Then, one can count the occurrences
of different encoding vectors and find the k encoding vectors
with the most occurrences, which would be used to form the
code set. Based on this code set, the data points are partitioned
into different clusters by Hamming distance. Similarly, for a
new data point, its projection is binarized. Its cluster label
is then assigned to that of the closest code in the code set
according to the Hamming distance. However, as discussed in
[30], the prediction performance highly depends on the design
of error correcting output codes, which is a nontrivial task. To
achieve the optimal prediction performance, a specific coding
should be learned for different datasets [30].
To enhance the clustering performance of SC on highdimensional datasets, in this paper, we propose a novel spectral
embedded clustering (SEC) framework for high-dimensional
data, which considers the underlying dense grouping structure of data in a low-dimensional subspace, and explicitly
incorporates this prior knowledge into different variants of SC
methods. Our main contributions include the following.
1) First, we prove that the eigenvector corresponding to the
trivial eigenvalue of the Laplacian matrix should not be
discarded when the spectral rotation method is adopted
to obtain the final cluster assignment matrix.
2) More importantly, we prove that the cluster assignment
matrix of the data can be embedded in a linear space
spanned by the data, when the dimensionality of data is
high enough [31].
3) Based on this observation on high-dimensional data, we
propose the SEC, in which a linearity regularization
is explicitly imposed on the objective function of the
clustering methods in order to control the mismatch
between the cluster assignment matrix and the lowdimensional embedding of the data.
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4) In order to handle the case in which the data do not
exhibit a clear manifold structure, we further propose
a Laplacian matrix in local regression in place of
the widely used Laplacian matrix to reflect the local
geometry structure of the data. By using the newly
proposed Laplacian matrix, we can capture more locally
discriminative information.
5) We also theoretically discuss the connection between
our proposed SEC methods and other clustering methods
from a new perspective. Hence, we can unify variants
of SC algorithms, K -means, and the recently proposed
DisKmeans clustering methods into our proposed SEC
framework. In addition, we can naturally deal with the
out-of-sample data for the clustering methods under our
proposed SEC framework.
6) Comprehensive experiments on eight real-world highdimensional datasets demonstrate that the proposed
framework outperforms the existing SC methods and
K -means related clustering methods for in-sample clustering. The experiments also show the superior performance of the proposed SEC framework over the
Nyström method and better generalization capability
than the K-means-based clustering methods for out-ofsample clustering.
The rest of this paper is organized as follows. Section II
first reviews SC and the cluster assignment methods. Our
proposed SEC framework is then presented in Section III.
Connections to other clustering methods are discussed in
Section IV. A natural mechanism to cope with the out-ofsample data under the proposed SEC framework is presented
in Section V. Experimental results on benchmark datasets are
reported in Section VI and the concluding remarks are given
in Section VII.
II. SC R EVISITED
Given a dataset X = {x i }ni=1 , the main task of clustering is
to partition X into c clusters. Denote the cluster assignment
matrix by Y = [y1 , y2 , . . . , yn ]T ∈ Bn×c , where yi ∈
Bc×1 (1 ≤ i ≤ n) is the cluster assignment vector for the
pattern x i . The j th element of yi is 1 if the pattern x i is
assigned to the j th cluster, it is 0 otherwise. In addition, there
is one and only one element being 1 in yi . Clustering is a
nontrivial problem because Y is constrained to be an integer
solution. In this section, we first revisit the SC method and
the corresponding techniques (i.e., K -means clustering and
spectral rotation) to obtain the discrete cluster assignment
matrix. We then prove that the eigenvector corresponding
to the smallest eigenvalue should not be discarded when
spectral rotation is used to obtain the discrete clustering
assignment.
A. SC
From the last decade, SC, in which a weighted graph is
used to partition the data, has attracted much attention. Several
algorithms have been proposed in the literature [9], [10],
[32], [33]. Here, we focus on the SC algorithm with k-way
normalized cuts [10].
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Let us denote G = {X , A} as an undirected weighted graph
with a vertex set X and an affinity matrix A ∈ Rn×n , in
which each entry Ai j of the symmetric matrix A represents the
affinity of a pair of vertices of the weighted graph. A common
choice of Ai j is defined by



x −x 2
x i and x j are neighbors,
exp − i σ 2 j
(1)
Ai j =
otherwise
0
where σ is the parameter to control the spread of neighbors.
The Laplacian graph L is then defined by L = D − A, where
D is a diagonal matrix with the diagonal elements as Dii =

j A i j , ∀i . Let us denote tr (A) as the trace operator of a
matrix A. The minimization of the normalized cut criterion can
be transformed into the following maximization problem [10]:


(2)
max tr Z T AZ
Z T D Z =Ic

where Z = Y (Y T DY )−1/2 and Ic denotes the identity matrix
of size c by c. Let us define a scaled cluster assignment matrix
F̄ by

− 1
2
= f (Y ).
(3)
F̄ = D 1/2 Z = D 1/2 Y Y T DY
Then the objective function (2) can be rewritten as


1
1
max tr F̄ T D − 2 AD − 2 F̄ .
F̄ T F̄ =Ic

(4)

Note that the elements of F̄ are constrained to be discrete
values, which makes (4) hard to solve. A well-known solution
to this problem is to relax the matrix F̄ from the discrete
values to continuous ones. Then the problem becomes


max tr F T K F
(5)
F T F =Ic

where K = D −1/2 AD −1/2 and F ∈ Rn×c . The optimal
solution F of (5) can be obtained by eigenvalue decomposition
of the matrix K .
B. Cluster Assignment Methods
With the relaxed continuous solution F ∈ Rn×c from
eigenvalue decomposition of (5), K -means clustering or spectral rotation can be used to calculate the discrete solution
Y ∈ Bn×c .
1) K -Means Clustering: The input to K -means clustering
is n data points, in which the i th data point is the i th row of
F. The standard K -means clustering algorithm is performed to
obtain the discrete-valued cluster assignment for each pattern.
This technique is also used in [32] for assigning cluster labels.
2) Spectral Rotation: Note that the global optimal F of the
optimization problem (5) is not unique. Let F ∗ ∈ Rn×c be
the matrix whose columns consist of the top c eigenvectors
of K and R ∈ Rc×c be an orthogonal matrix. Then F can be
replaced by F ∗ R for any orthogonal matrix R. To obtain the
final clustering result, we need to find a discrete-valued cluster
assignment matrix which is closed to F ∗ R. The work in [10]
also defined a mapping to obtain the corresponding Y ∗
− 1

 
2
Y ∗ = f −1 F ∗ = Diag F ∗ F ∗T
F∗
(6)

where f −1 denotes a reverse mapping function from a continuous solution space to a discrete one, and Diag(M) denotes
a diagonal matrix with the same size and the same diagonal
elements as the square matrix M. The mapping of (6) is to
normalize each row of F ∗ such that its L2-norm is equal to
one. It can be easily verified that f −1 (F ∗ R) = Y ∗ R.
As F ∗ R is the optimal solution to the relaxed (5) for an
arbitrary orthogonal matrix R, a suitable R should be selected
such that Y ∗ R is closest to a discrete cluster assignment matrix
Y . The optimal R and Y are then obtained by solving the
following optimization problem [10]:
min

Y − Y ∗ R2

s.t.

Y 1 c = 1 n , R T R = Ic

Y ∈Bn×c ,R∈Rc×c

(7)

where 1c and 1n denote the c × 1 and n × 1 vectors of all 1s,
respectively. Yu and Shi [10] used this technique to obtain the
cluster assignment matrix by iteratively solving Y and R.
C. Eigenvectors of K for Cluster Assignment
In SC, the eigenvector corresponding to the largest eigenvalue of K is D 1/2 1n , which is commonly considered as a
trivial solution, and thus is discarded in the cluster assignment
in two-cluster problems. However, we focus on k-way normalized cut in this paper, and two cluster assignment methods
including K -means clustering and spectral rotation are used.
When we use the K -means clustering method to obtain the
discrete solution, whether this eigenvector is discarded or
not will have little change to the final clustering result.
However, based on the following proposition, we know that
this eigenvector should not be discarded when the spectral
rotation method is used to obtain the discrete solution.
Proposition 1: When the spectral rotation method is used to
obtain the discrete solution of k-way normalized cuts with the
normalized Laplacian matrix L̃ = D −1/2 L D −1/2 , discarding
the eigenvector D 1/2 1n will change the eigenspace and hence
will lead to a different solution to the optimization problem
in (4).
Proof: Suppose the eigenvector D 1/2 1n is discarded in
the columns of the continuous solution F ∗ , then we have
1nT D 1/2 F ∗ = 0.
While for the discrete solution F̄, from (3), we have

− 1
2
.
1nT D 1/2 F̄ = 1nT DY Y T DY
Note that D is a diagonal matrix and Y is a cluster assignment
matrix whose row has one and only one element being 1 and
others being 0. Therefore, for any orthogonal matrix R, we
have 1nT D 1/2 F ∗ R = 0, but 1nT D 1/2 F̄ = 0, which indicates
that the continuous solution F ∗ cannot precisely approximate
the discrete solution F̄ with any orthogonal matrix R.
In contrast, if we preserve the eigenvector D 1/2 1n in the
columns of the continuous solution F ∗ , then 1nT D 1/2 F ∗ R
might be equal to 1nT D 1/2 F̄ with an appropriate orthogonal matrix R. Based on the above analysis, the eigenvector
corresponding to the largest eigenvalue of K should not
be discarded when we use spectral rotation to obtain the
discrete solution.
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III. G ENERAL F RAMEWORK FOR SEC

B. SEC

Many applications such as natural language processing, text
mining, and bioinformatics need to deal with high-dimensional
data, while cluster analysis for such high-dimensional data
is still a challenging task, and the classical K -means clustering method might not perform well. Recently, SC methods have been successfully applied to some applications
with high-dimensional data. As discussed in Section I, the
success of SC methods greatly depends on the manifold
assumption and the choice of affinity matrix A, which represents the low-dimensional manifold structure. For some highdimensional data that exhibit a clear manifold structure in
a low-dimensional space, SC methods could outperform K means clustering methods. However, such a manifold assumption might not always hold for all problems with highdimensional data. Moreover, the common choice of the affinity
matrix A in (1) may not clearly reflect the local geometry
structure of the data. In those cases, the clustering performance
of SC may be even worse than the K -means clustering.
In the following subsections, we will first introduce an
observation on the high-dimensional data that the ground truth
cluster assignment matrix Y can always be embedded in a
linear space spanned by the data to be clustered. Based on
this prior, we then explicitly add this linearity regularization
into clustering framework, which is referred to as SEC.

A. Low-Dimensional Embedding for Cluster Assignment
Matrix
Denote the data matrix by X = [x 1 , x 2 , . . . , x n ] ∈ Rd×n .
For simplicity, we assume the data are centered, i.e., X1n = 0.
Let us define the total scatter matrix St , the between-cluster
scatter matrix Sb , and the within-cluster scatter matrix Sw as
St = X X T
Sb = X GG T X T
Sw = X X T − X GG T X T

(8)
(9)
(10)

where G is a weighted cluster assignment matrix defined by

− 1
2
G = Y YTY

(11)

and Y is defined as in Section II. It is easy to verify that
G T G = Ic .
We have the following theorem on the cluster assignment
matrix Y , which is the foundation of the proposed SEC
framework.
Theorem 1: If r ank(Sb ) = c − 1 and r ank(St ) =
r ank(Sw ) + r ank(Sb ), then the true cluster assignment matrix
can be represented by a low-dimensional linear mapping of
the data, that is, there exist W ∈ Rd×c and b ∈ Rc×1 such
that Y = X T W + 1n b T .
The proof can be found in Appendix. As noted in [34], the
conditions in Theorem 1 are usually satisfied for the highdimensional and small-sample-size problem, which is usually
the case in many real-world applications.

Many clustering methods can be reduced to minimize the
following objective function:
min J (F).

F T F =Ic

(12)

For example, in SC, the optimization problem (5) is equivalent
to minimizing the objective function as follows:


J (F) = tr F T L̃ F
where L̃ = D −(1/2) L D −(1/2) = In − D −(1/2) AD −(1/2) is the
normalized Laplacian matrix.
According to Theorem 1, the true cluster assignment matrix
Y can be always embedded into a linear mapping of data in
many applications with high-dimensional data. In this paper,
with the prior on the linearity property of Y, we propose the
SEC framework by incorporating the linearity regularization
into the SC methods. Specifically, we minimize the following
objective function:



2
min J (F) + μ X T W + 1n b T − F + γg tr W T W
F,W,b
F T F=Ic

(13)
where μ and γg are two regularization parameters and the
second term characterizes the mismatch between the relaxed
cluster assignment matrix F and the low-dimensional representation of the data.
Note that the data are centered, i.e., X1n = 0. By setting
the derivatives of the objective function with respect to b and
W to zeros, we have

b = n1 F T 1n ,
−1

(14)
W = X X T + γ g Id
X F.
By substituting W and b in (13) by (14), the optimization
problem (13) becomes
min J (F) + μR(F)

F T F =Ic

where



R(F) = tr F T L g F

−1
L g = Hn − X T X X T + γ g I d
X

(15)

(16)
(17)

and Hn = In − 1/n1n 1nT is the centering matrix.
Analogous to SC, the cluster assignment matrix of the
proposed SEC framework can be relaxed as the eigenvectors of
L̃ +μL g corresponding to the c smallest eigenvalues. Based on
Proposition 1, all these c eigenvectors should be kept if the
spectral rotation is used to find the final cluster assignment
matrix.
C. Design of Laplacian Matrix Using Local Regression
As discussed in Section III-B, the objective function of
SC methods can be expressed in the form of tr (F T L F) or
tr (F T L̃ F), where L and L̃, respectively, are the unnormalized
and normalized Laplacian matrix defined based upon the
affinity matrix A in (1). However, these Laplacian matrices
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cannot capture the discriminative information of the clusters
for data that do not exhibit an evident manifold structure.
Recall that the regularization term R(F) = tr (F T L g F) in
(16) is derived from the global regression


2
(18)
min X T W + 1n b T − F + γg tr W T W
F,W,b
F T F=Ic

where W and b capture the globally discriminative directions
of each cluster. In order to capture the locally discriminative
information without the manifold assumption, we can use a
local regression function for each pattern
n 


2
X iT Wi + 1k biT − Fi + γl tr WiT Wi
min
Fi ,Wi ,bi
F T F =Ic i=1

(19)
x i j |kj =1

are the k nearest
where X i = [x i1 , x i2 , . . . , x ik ],
neighbors of x i , and Fi = [ f i1 , fi2 , . . . , fik ]T with f i j |kj =1
being the transpose of the i j th row of F.
To obtain the optimal solution to (19), we set the derivatives
of the objective function with respect to bi and Wi to zeros.
Then we have

bi = k1 FiT 1k
−1

(20)
Wi = X i Hk X iT + γl Id
X i Hk Fi
where Hk = Ik − 1/k1k 1kT is the local centering matrix.
By substituting Wi and bi in (19) by (20), (19) is then
reduced to tr (F T L l F), where
⎤
⎡
L l1 · · · 0
⎥
⎢
(21)
L l = [S1 , . . . , Sn ] ⎣ ... . . . ... ⎦ [S1 , . . . , Sn ]T .
0 · · · L ln

In (21), L li |ni=1 = Hk − X iT (X i X iT + γl Id )−1 X i and Si |ni=1
is a selection matrix such that Fi = SiT F. Notice that
L l is also in the form of Laplacian matrix, which captures
locally discriminative information of the data. Moreover, this
Laplacian matrix L l is similar to that in [35] which is based
on local discriminative analysis, however, L l is derived from
local regression. Thereafter, we can replace L or L̃ in (15) by
L l , and the overall optimization problem (15) becomes


min tr F T (L l + μL g )F .
(22)
F T F =Ic

Again, the global optimal solution F ∗ to (22) can be
obtained by eigenvalue decomposition. The columns of F ∗
are from the top c eigenvectors of the matrix L l + μL g .
Based on F ∗ , the discrete-valued cluster assignment matrix
can be obtained by K -means clustering or spectral rotation.
The details of the proposed SEC are outlined in Algorithm 1.
Recall that SEC using the Laplacian matrix L l , which is
constructed from local regression, can capture both locally
and globally discriminative information of clusters from L l
and L g , respectively. For better presentation, in the rest of
this paper, we refer to the SEC algorithm using the standard
Laplacian matrix in SC and the Laplacian matrix in local
regression as SEC/SC and SEC/LR, respectively. Similarly,
we can also apply any Laplacian matrix discussed in [36] and
[37] to our proposed SEC framework.

Algorithm 1 SEC Algorithm
Given a sample set X = [x 1 , x 2 , . . . , x n ] ∈ Rd×n and the
number of clusters c.
1: Compute the matrix L̃ + μL g or L l + μL g .
2: Solve (15) or (22) with eigenvalue decomposition and
obtain the optimal F ∗ .
3: Based on F ∗ , compute the discrete cluster assignment
matrix Y by using K -means clustering or spectral rotation.

IV. C ONNECTIONS TO P RIOR W ORK
Though the connection between classical K -means clustering and SC has been discussed in [38] and [39] from
the viewpoint of weighted kernel K -means clustering, in this
section we will explore the connection between our proposed
SEC framework and SC, K -means clustering, the recently
proposed discriminative K -means clustering [22], and clustering with local and global regularization (CLGR) [37] from
a new perspective. Particularly, we can unify the aforementioned clustering methods into our proposed SEC framework.
Hereafter, we will discuss how to naturally cater for the out-ofsample extension to the clustering methods under our proposed
SEC framework in Section V.
A. Connection Between SEC and SC
In the local regression model (19), when k → n, the local
regression model is reduced to the global regression model.
Thus, the constructed Laplacian matrix L l , which is based on
local regression, is a local version of the Laplacian matrix
L g , which is based on global regression. In other words,
L l is constructed based on local information of the data,
and the Laplacian matrix L g is constructed based on global
information of the data.
The normalized Laplacian matrix L̃ used in SC also captures
the local information of the data, so when μ = 0 in SEC, SEC
reduces to a variant of SC. On the other hand, when μ is set to
an appropriate positive value, SEC can simultaneously capture
the local and global structure information of the data and thus
obtain a better clustering result.
B. Connection Between SEC and CLGR
Recently, Wang et al. proposed CLGR [37], which solves
the following problem:


(23)
min tr F T (L + ηL o )F
F T F =Ic

where L o is another Laplacian matrix constructed using local
learning method [40] and η is a tradeoff parameter.
Let us denote the cluster assignment matrix F = [ f 1 , . . . ,
f n ]T ∈ Rn×c . We also define the k nearest neighbors of x i
as N (x i ) = {x i1 , . . . , x ik }, and Fi = [ f i1 , . . . , f ik ]T ∈ Rk×c .
In local learning regularization, for each x i , a locally linear
projection matrix Wi ∈ Rd×c is learned by minimizing the
following structural risk functional [37]:


2
min
WiT x j − f j + γ tr WiT Wi .
Wi

x j ∈N (x i )
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One can obtain the closed-form solution for Wi
−1

Wi = X i X iT + γ Id
X i Fi .

(24)

After all the locally linear projection matrices are learned, the
cluster assignment matrix F can be found by minimizing the
following criterion:
J (F) =

n
i=1

x iT Wi

−

f iT

2

.

where L o = (N − In )T (N − In ) and N ∈ Rn×n with its (i, j )th
entry as
 i
ah , if x j is the hth nearest neighbors of x i ,
Ni j =
0,
otherwise

in which ahi denotes the hth entry of a i = x iT X i X iT +
γ Id )−1 X i .
One can observe that both L and L o capture local information only, and L + ηL o in (23) is also a Laplacian matrix,
hence CLGR is just a variant of SC. Therefore, SEC reduces
to CLGR when μ = 0 and L l is replaced by L + ηL o in (22).
C. Connection Between SEC and K -Means Clustering

⇔

max tr

F T F =Ic




FT


−1
X
X T X X T + γ g Id

F .

(30)

When γg → ∞, the optimization problem in (30) reduces
to the optimization problem in (27). Therefore, the objective
function of SEC reduces to that of K -means clustering algorithm if μ → ∞ and γg → ∞.
D. Connection Between SEC and Discriminative K -Means
Clustering
Subspace clustering methods were proposed to learn the
low-dimensional subspace and data cluster simultaneously
[42], [43], possibly because high-dimensional data may exhibit
dense grouping in a low-dimensional space. For instance,
discriminative clustering methods solve the following optimization problem:


 −1 T
max tr
W T St + γg Id W
W Sb W
(31)
W,G

K -means clustering is a simple and frequently used clustering algorithm. As shown in [41], the objective function of
K -means clustering is to minimize the following criterion:


(26)
min tr (Sw ) = min tr X X T − X GG T X T
G T G=Ic

where G is defined as in (11). Problem (26) is simplified as
the following problem:


max tr G T X T X G .
(27)
G T G=Ic

Traditional K -means clustering uses an EM-like iterative
method to solve the above problem. Spectral relaxation can
also be used to solve the K -means clustering problem [41].
We will prove that the objective function of the proposed
SEC in (22) reduces to that of K -means clustering when μ →
∞ and γg → ∞. When μ → ∞, the optimization problem
of SEC in (22) becomes



−1
T
X F
(28)
Hn − X T X X T + γ g I d
min tr F
F T F =Ic

which is equivalent to the following problem:



−1
1
T
1n 1nT + X T X X T + γg Id
X
max tr F
n
F T F =Ic

F T F=Ic
F T 1n =0

(25)

Substituting (24) back into (25), we have




J (F) = tr F T (N − In )T (N − In )F = tr F T L o F

G T G=Ic

other top eigenvectors is equivalent to solving the following
problem:



−1
1
T
1n 1nT + X T X X T + γg Id
X F
max tr F
n
F T F=Ic
T
F 1n =0



−1
T
⇔ max tr F
X F
X T X X T + γ g Id

F .

(29)
The solution to this problem can be reduced to calculate the
eigenvectors corresponding to the top eigenvalues of the matrix
(1/n)1n 1nT + X T (X X T+ γg Id )−1 X. Note that 1n is the eigenvector corresponding to the largest eigenvalue, and the other
eigenvectors are orthogonal to 1n . Therefore, calculating the

where St and Sb are defined in (8) and (9), respectively.
There are two sets of variables, namely, the projection
matrix W and the scaled cluster assignment matrix G, in (31).
Most of the existing works optimize W and G iteratively
[19]–[21]. However, a recent work, discriminative K -means
[22], simplified (31) by optimizing G only, which is based on
the following observation [44]:


 −1 T
W Sb W
tr
W T St + γg Id W


−1
(32)
≤ tr St + γg Id
Sb
where the equality holds when W = V M, and V is composed
of the eigenvectors of (St + γg Id )−1 Sb corresponding to all
the nonzero eigenvalues, with M as an arbitrary nonsingular
matrix.
Based on (32), the optimization problem (31) can be simplified as

−1 
Sb .
(33)
max tr St + γg Id
G

By substituting (8) and (9) into (33) and adding the constraint
G T G = Ic in (33), we arrive at



−1
T
max tr G
X G
(34)
X T X X T + γ g Id
G T G=Ic

which is exactly the same as in (30). In other words, when
μ → ∞ in SEC and the spectral relaxation is used to solve
the cluster assignment matrix in the discriminative K -means
clustering algorithm (referred to as DisKmeans), SEC reduces
to DisKmeans.
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TABLE I
D ATASET D ESCRIPTION

V. C LUSTERING FOR O UT- OF -S AMPLE DATA
Though Nyström-based methods [11], [26] and the ECOC
method [27] have been proposed to provide an out-of-sample
extension for SC, as discussed in Section I, the clustering
performance of these approaches critically depends on either
the approximation quality of the affinity matrix A or the
nontrivial design of error correcting output codes [30], both
of which are beyond the scope of this paper. Instead of
using approximation methods or ECOC approach, in this
section, we will show that our proposed SEC framework can
provide a natural mechanism to cope with the out-of-sample
data for many clustering methods including SC and K -means
clustering.
As shown in Section IV, many clustering methods such as
SC, CLGR, K -means clustering, and DisKmeans clustering
can be deemed as a special variant of our SEC methods.
Therefore, we can solve the unified objective function (15) to
obtain a cluster assignment matrix F for the aforementioned
clustering methods subject to different definition of Laplacian
matrices and the parameters. Hereafter, we use the formulas
in (14) to compute W and b, which is inherent in our SEC
framework. Then, for any new data point x ∈ R d , we can
calculate the prediction
y = W T x + b.
Based on this y, the spectral rotation method mentioned
in Section II-B can be used to obtain the discrete cluster
assignment for x. We first find a unit vector for y. Then, an
orthogonal matrix R is obtained by the spectral rotation in (7).
Finally, the data point x is assigned to the cluster
j = arg max ỹ(i )
i


where ỹ = R T y/ y2 , and ỹ(i ) is the i th element in the
vector ỹ.
Specifically, under the framework of SEC, with L̃ and
L + ηL o , respectively, we can readily obtain an out-of-sample
extension to SC and CLGR, and also their variants by setting
μ → 0 in SEC. They are referred to as SEC/SC (μ → 0)
and SEC/CLGR (μ → 0), respectively. Moreover, under the
framework of SEC, we can also easily obtain an out-of-sample
extension for K -means clustering and DisKmeans clustering
by setting μ → ∞ in SEC. The final cluster assignment of
these out-of-sample data can be obtained by using W and b
in (14).
In addition, we observe that, if the spectral relaxation is used
to solve the cluster assignment matrices, the optimization problem in K -means in (27) and DisKmeans in (34) will lead to the
same results because of the fact that X T (X X T + γg Id )−1 X =
In − γg (X T X + γg In )−1 , and thus X T (X X T + γg Id )−1 X in
the optimization problem (34) and X T X in the optimization
problem (27) have the same top c eigenvectors. Hereafter, we
refer to K -means/DisKmeans with spectral relaxation as KM-r
for in-sample clustering and SEC/KM-r under the framework
of SEC for out-of-sample data. The results from K -means and
DisKmeans are reported to be different because an EM-like
method is used to solve the cluster assignment matrices of the

Dataset
AR
YALE-B
CMU PIE
MPEG7
COIL20
Optdigits
USPS
MNIST

Size
840
2414
3329
1400
1440
5620
9298
70 000

Dimensions
768
1024
1024
6000
16 384
64
256
784

Classes
120
38
68
70
20
10
10
10

optimization problem in (27) and (34) for K -means clustering
and DisKmeans clustering, respectively.
VI. E XPERIMENTS
In this section, we conduct extensive experiments to evaluate
the clustering performance of different clustering methods in
two settings, namely, in-sample clustering and out-of-sample
clustering.
The first setting is to assign a cluster label to each unlabeled in-sample data point. We compare the proposed SEC
method with K -means (KM) clustering, DisKmeans (DKM)
clustering [22], SC [10], local learning for (LL) clustering
[45], and CLGR [37]. We employ the spectral relaxation +
spectral rotation method to compute the assignment matrix
for SEC, SC, LL, and CLGR. For KM and DKM, we use
an EM-like method to assign cluster labels as in [22]. We
further use spectral relaxation + spectral rotation for KM
and DKM. Since KM and DKM achieve the same results
using the spectral relaxation + spectral rotation as discussed
in Section V, we denote the results as KM-r in this paper.
In out-of-sample setting, we assign the cluster label of each
unseen data point to the closest cluster center learned from the
training set (or in-sample data points) for KM and DKM. Note
that the variants of SC methods such as SC, LL, and CLGR
do not have a natural out-of-sample extension. However, these
methods can be unified under our proposed SEC framework,
and thus the newly proposed out-of-sample approach discussed
in Section V can be readily used to cope with unseen data for
SC, LL, and CLGR. Therefore, we denote them as SEC/SC
(μ → 0), SEC/LL (μ → 0), and SEC/CLGR (μ → 0) on
unseen data for better presentation. Moreover, we also use
the proposed out-of-sample approach for KM-r (referred to as
SEC/KM-r). Since the Nyström method [11] can be used to
estimate the distribution of unseen (i.e., out-of-sample) data
points, we additionally report the results from the Nyström
method for the out-of-sample SC.
A. Experimental Setup
Eight high-dimensional datasets are used in the experiments,
including three face datasets (AR [46], YALE-B [47], and
CMU PIE [48]), two shape image datasets (MPEG7 [49] and
COIL20 [50]) and three handwritten digit datasets (Optdigits [51], USPS [52], and MNIST [53]). Some datasets are
resized, and Table I summarizes the details of the datasets
used in the experiments.
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Fig. 1. Clustering accuracy of DisKmeans with different γg , SEC/SC, SEC/LR, and CLGR with different μ for the in-sample clustering on the eight datasets.
(a) AR. (b) YALE-B. (c) CMU PIE. (d) MPEG7. (e) COIL20. (f) Optdigits. (g) USPS. (h) MNIST.

We randomly partition the data into seen and unseen
datasets, where the seen data is used to obtain the clusters
and perform cross validation for determining the optimal
parameters of different clustering algorithms as suggested
in [54], while the unseen data are used to test the performance
of clustering algorithms with the optimal parameters in the
in-sample setting. In the experiments, 60% of the data are
randomly selected as seen data for the AR, YALE-B, CMU
PIE, MPEG7, COIL20, and Optdigits datasets, while 20% and
5% of the data are randomly selected as seen data for the larger
datasets, USPS and MNIST, respectively. All the remaining
data are used as unseen data.
For SC and CLGR, the parameter σ in (1) needs to
be determined. In this paper, we use the self-tuning SC
method [25] to determine the parameter σ , and the k in knearest-neighbor graph for constructing Laplacian matrices is
set to 5 for all the algorithms in the experiments. We also
need to set the regularization parameters for SEC, CLGR,
and DKM beforehand. For fair comparisons and to study the
effect of the linearity regularization term on various datasets
for SEC methods, we set the parameters γl , γg in SEC, γ in
CLGR, and λ in LL as 1, and set the parameter μ in SEC,
the parameter η in CLGR, and the parameter γg in DKM as
{10−9 , 10−6 , 10−3 , 100 , 103 , 106 , 109 , 1012 , 1015 }. Since there
are numerical problems for DKM with a large value of γg
on the MNIST dataset, we limit the parameter in a range of
{10−9 , 10−6 , 0−3 , 100 , 103 , 106 , 109 } for all the methods for
fair comparisons on this dataset.
For the Nyström method, to obtain better performance, we
define σ = 2r σ0 , where σ0 = 1/A, with A being the mean
value of the square distance between the in-sample data as
suggested in [55] and [56], and r = {−3, −2, −1, 0, 1, 2, 3}
except for the Optdigits and USPS datasets. To avoid the
singular value problem on the Optdigits (resp. USPS) dataset,
we set r = −4 (resp. r = 0) only. We report the best
clustering results from the best parameters for SEC, CLGR,
LL, and DKM in Table II for the in-sample clustering and

their corresponding optimal parameters in Table IV. We also
report the results for the out-of-sample clustering in Table III
using the optimal parameters in Table IV.
Moreover, the results of all clustering algorithms depend
on the initialization (either EM-like or spectral rotation). To
reduce statistical variation for each parameter and each random
partition, we independently repeat all clustering algorithms
50 times with random initializations, and then we report the
results corresponding to the best objective values. Finally, we
report the mean clustering accuracy and standard deviation
corresponding to the best parameters over 20 random partitions
on the seen and unseen data.
B. Evaluation Metrics
We use the clustering accuracy to evaluate the performance
for all the clustering algorithms. The clustering accuracy
(ACC) is defined as
n
δ(li , map(ci ))
(35)
ACC = i=1
n
where li is the true class label and ci is the cluster label
of x i obtained from the clustering algorithm, δ(x, y) is the
delta function, and map(·) is the best mapping function. Note
δ(x, y) = 1, if x = y, δ(x, y) = 0, otherwise. A larger ACC
indicates a better performance. The mapping function map(·)
matches the true class labels and the obtained cluster labels,
and the best mapping is solved by using the Kuhn–Munkres
algorithm [57].
C. Experimental Results
In Fig. 1, we first study the sensitivity of the in-sample
clustering performances of CLGR, SEC/SC, and SEC/LR
(resp. DKM) with respect to the parameter μ (resp. γg ).
Generally, the clustering accuracy for CLGR is less sensitive
to the parameter when compared with the other three methods.
SEC/SC and SEC/LR generally favor a large value for μ
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TABLE II
P ERFORMANCE C OMPARISON OF C LUSTERING A CCURACY U SING KM, DKM, KM-r, SC, LL, CLGR, SEC/SC, AND SEC/LR FOR THE I N -S AMPLE
C LUSTERING ON E IGHT D ATASETS . T HE F IRST ROW FOR E ACH D ATASET D ENOTES THE A CCURACY ± S TANDARD D EVIATION , AND THE
C ORRESPONDING PARAMETER I S S HOWN IN TABLE IV. T HE S ECOND (R ESP. T HIRD ) ROW D ENOTES THE S TUDENT t -T EST R ESULT OF SEC/SC (R ESP.
SEC/LR) A GAINST THE R EST OF THE M ETHODS , W HERE 1 D ENOTES SEC/SC (R ESP. SEC/LR) I S B ETTER T HAN THE C ORRESPONDING M ETHOD ,
0 D ENOTES A C OMPARABLE R ESULT, AND −1 D ENOTES A W ORSE R ESULT
Dataset
AR

YALE-B

CMU-PIE

MPEG7

COIL20

Optditits

USPS

MNIST

KM
36.3±1.8
1
1
14.1±0.7
1
1
20.1± 0.8
1
1
47.9±1.8
1
1
68.0±3.0
1
1
85.3±0.8
1
1
66.3±1.4
1
1
53.2±2.3
1
1

DKM
43.6±2.2
1
1
39.7±3.2
1
1
55.5±2.8
1
1
48.2±1.6
1
1
61.3±4.4
1
1
85.8±0.9
0
1
71.0±1.0
0
1
54.2±1.9
1
1

KM-r
59.7±2.0
0
0
47.3±1.2
0
1
68.0±1.4
0
0
56.8±1.1
0
0
62.3±3.3
1
1
78.5±0.9
1
1
67.4±1.4
1
1
51.6±1.3
1
1

SC
42.4±1.8
1
1
34.5±1.0
1
1
39.6±1.8
1
1
55.7±1.1
1
1
77.5±3.9
1
0
86.4±2.8
0
1
65.2±1.9
1
1
61.7±2.5
0
1

on the three face datasets and MPEG7 dataset, and their
performances on these datasets are relatively stable when a
large value is used for μ, while these methods prefer a small
value of μ for the USPS and MNIST datasets. On the other
hand, DKM is very sensitive to the parameter γg on all
the datasets. Note that setting a large value for μ indicates
that the linearity regularization, which captures the global
discriminative information for the cluster assignment matrix,
is more important for SEC/SC and SEC/LR on the datasets
like AR, YALE-B, CMU PIE, and MPEG7, which probably
have a strong linearity relationship between the data matrix X
and the cluster assignment matrix Y .
For the comprehensive study of performances of various
clustering methods, we also report the in-sample clustering
results on all the datasets in Table II. Moreover, the Student
t-test is also reported in order to evaluate the performance
significance for different clustering algorithms, in which the
significance level is set as 0.05. From the experimental results,
we have the following observations for the in-sample clustering results.
1) Among the K -means-based algorithms (i.e., EM-like
techniques such as KM and DKM as well as the spectral
relaxation + spectral rotation method such as KM-r),
there is no consistent winner. KM achieves the best
result on the COIL20 dataset, DKM achieves the best
result on the three digit datasets, and KM-r achieves the
best result on the three face datasets and the MPEG7
dataset.
2) Variants of SC (e.g., SC, LL, and CLGR) outperform
KM-r for the COIL20, Optdigits, and MNIST datasets,

LL
47.9±1.4
1
1
32.6±1.4
1
1
41.1±1.7
1
1
54.8±1.1
1
1
68.9±1.1
1
1
88.7±1.6
−1
1
63.9±4.2
1
1
62.8±4.2
0
1

CLGR
48.1±1.6
1
1
37.7±1.9
1
1
50.2±2.0
1
1
55.9±1.0
1
1
78.2±2.9
0
0
86.4± 2.6
0
1
65.4±0.8
1
1
67.6±2.8
−1
1

SEC/SC
60.4±2.1
N.A.
0
47.5±1.4
N.A.
0
66.6±1.6
N.A.
0
56.5±1.0
N.A.
0
79.0±2.2
N.A.
0
86.6±2.9
N.A.
1
70.8±1.3
N.A.
1
61.7±2.5
N.A.
1

SEC/LR
60.3±1.9
0
N.A.
48.6±1.9
0
N.A.
67.0±1.4
0
N.A.
56.6±1.5
0
N.A.
78.0±3.1
0
N.A.
90.5±1.8
−1
N.A.
74.2±4.5
−1
N.A.
71.0±2.5
−1
N.A.

while they perform worse on the face datasets and
achieve comparable result on the MPEG7 and USPS
datasets. One possible explanation is that SC is designed
to cluster the data that have a clear manifold structure in
a low-dimensional space. If the data do not fulfill this
assumption, it performs worse than the K -means-like
algorithms.
3) LL outperforms SC on the AR, CMU PIE, Optdigits,
and MNIST datasets, while SC outperforms LL on the
rest of the datasets. CLGR outperforms SC and LL for
all datasets except Optdigits.
4) Our methods SEC/SC and SEC/LR outperform KM,
DKM, SC, LL, and CLGR in most cases, or at least
achieve comparable results. For the image datasets with
strong lighting variations, such as AR, Yale-B, and CMU
PIE, we observe significant improvement of SEC/SC and
SEC/LR over SC, LL, and CLGR. It clearly demonstrates the effectiveness of the proposed SEC methods on
the datasets that do not have a clear manifold structure
in a low dimensional space.
5) SEC methods perform better than KM-r on the COIL20
and the three digit datasets, while they achieve comparable results on the three face and MPEG7 datasets. This
is probably because the face datasets and the MPEG7
dataset prefer a large value of μ for SEC methods,
which can be observed in Fig. 1. On the other hand, as
discussed in Section IV-C, when μ → ∞ and γg →
∞ in SEC, it reduces to K -means clustering. When
the datasets prefer a small value of μ, SEC methods
outperform the KM-r method.
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TABLE III
P ERFORMANCE C OMPARISON OF C LUSTERING A CCURACY U SING N YSTRÖM SC, KM, DKM, SEC/KM-r (μ → ∞), SEC/SC (μ → 0),
SEC/LL (μ → 0), SEC/CLGR (μ → 0), SEC/SC, AND SEC/LR FOR THE O UT- OF -S AMPLE C LUSTERING ON E IGHT D ATASETS . T HE F IRST ROW FOR
E ACH D ATASET D ENOTES THE A CCURACY ± S TANDARD D EVIATION , AND THE C ORRESPONDING PARAMETER I S S HOWN IN TABLE IV. T HE S ECOND
(R ESP. T HIRD ) ROW D ENOTES THE S TUDENT t -T EST R ESULTS OF THE SEC/SC (R ESP. SEC/LR) A GAINST E ACH OF THE R EST M ETHODS , W HERE 1
D ENOTES THE SEC/SC (R ESP. SEC/LR) IS B ETTER T HAN THE C ORRESPONDING M ETHOD , 0 D ENOTES A C OMPARABLE R ESULT, AND −1 D ENOTES A
W ORSE R ESULT
Dataset

AR

YALE-B

CMU-PIE

MPEG7

COIL20

Optditits

USPS

MNIST

Nyström
SC
35.2±1.4
1
1
16.7±1.8
1
1
14.8±1.3
1
1
43.5±2.9
1
1
67.9±4.8
1
1
60.6±11.9
1
1
28.3±5.2
1
1
N.A.
N.A.
N.A.

KM

DKM

33.6±1.7
1
1
13.0±0.5
1
1
19.2±0.8
1
1
47.6±1.4
1
1
61.6±4.2
1
1
85.4±0.5
0
1
66.0±1.2
1
1
52.8±1.8
1
1

26.4±1.3
1
1
20.8±1.0
1
1
29.8±1.8
1
1
47.6±1.5
1
1
61.8±3.0
1
1
85.8±0.7
0
1
68.4±0.6
0
1
53.6±1.7
1
1

SEC/KM-r
(μ → ∞)
66.6±1.9
0
0
43.5±1.0
0
0
65.4±1.5
0
0
55.7±1.1
0
0
76.6±3.4
1
1
78.9±0.6
1
1
67.1±1.3
1
1
51.8±0.8
1
1

TABLE IV
PARAMETERS U SED FOR THE O PTIMAL R ESULT FOR DKM, LL,
CLGR, SEC/SC, AND SEC/LR ON E IGHT D ATABASES
Dataset

DKM

CLGR

SEC/SC

SC/LR

AR
YALE-B
CMU-PIE
MPEG7
COIL20
Optdigits
USPS
MNIST

10−6
100
100
10−9
10−9
10−6
10−3
10−9

1015
1015
1012
100
10−9
100
103
103

106
109
106
1012
106
10−6
100
10−3

106
109
109
109
10−9
10−3
10−9
10−9

6) SEC/LR performs better than the SEC/SC on the three
digit datasets, while they achieve comparable results on
the rest of the datasets. One possible explanation is
that discriminative information of the cluster for digit
data can be better captured by both global and local
regression as in (22) compared to using only the global
regression as in (18).
We also study the performances of various clustering
methods for the unseen data (i.e., out-of-sample), and the
corresponding accuracies of various clustering methods on
all the datasets are also reported in Table III, in which the
significance level for the Student t-test is again set as 0.05.
The optimal parameters are determined by using the crossvalidation method from the in-sample clustering except for

SEC/SC
(μ → 0)
43.0±1.7
1
1
35.9±1.8
1
1
45.3±2.4
1
1
55.2±1.1
0
1
68.9±1.0
1
0
85.8±2.8
1
1
61.5±2.0
1
1
55.1±1.8
0
1

SEC/LL
(μ → 0)
47.3±1.7
1
1
35.0±1.1
1
1
48.6±2.1
1
1
54.7±0.8
1
1
77.4±2.4
1
1
88.2±1.7
−1
1
60.2±3.3
1
1
54.7±3.5
0
1

SEC/CLGR
(μ → 0)
47.4±2.0
1
1
35.6±1.4
1
1
49.4±1.8
1
1
55.2±1.4
1
1
77.4±2.4
1
0
85.9±2.6
0
1
61.8±0.6
1
1
59.7±2.4
−1
1

SEC/SC

SEC/LR

67.1±2.5
N.A.
0
42.5±1.7
N.A.
0
64.0±1.6
N.A.
0
55.7±1.0
N.A.
0
78.4±2.4
N.A.
−1
86.0± 2.7
N.A.
1
68.1±0.7
N.A.
1
55.1±1.8
N.A.
1

67.1±2.0
0
N.A.
42.8±1.3
0
N.A.
64.4±1.3
0
N.A.
55.7±1.1
0
N.A.
77.2±2.3
1
N.A.
90.0±1.8
−1
N.A.
70.3±3.3
−1
N.A.
62.9±1.9
−1
N.A.

the Nyström method, in which we select the best parameter
based on the out-of-sample results. The result for the Nyström
method on the MNIST dataset is not available because it
requires more than 32 GB memory to store the full similarity
matrix, which is larger than the available memory on our
servers. From the experimental results, we have the following
observations.
1) The clustering accuracy of the Nyström method is
significantly worse than the clustering methods under
the proposed SEC framework. One possible explanation
is that the Nyström method uses Nyström extension to
approximate the similarity matrix C between the unseen
data using the two similarity matrices A and B, where
A is the similarity matrix between the seen data and
B is the similarity matrix between the seen data and
the unseen data. Depending on the nature of A and B,
C may not be well approximated, and hence the whole
similarity matrix constructed using matrices A, B, and C
may not fully represent the relationship among the data.
On the other hand, our proposed SEC framework relies
on the linear property of the cluster assignment matrix,
which is usually satisfied for real-world data [34].
2) The EM-like clustering methods (such as DKM) are
significantly degraded on the three face datasets when
compared to the corresponding results in the in-sample
clustering setting (Table II), which is possibly due to
the large variation of face data between the seen data
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and the unseen data. However, the clustering accuracies
for different clustering algorithms under the SEC framework are comparable to those of the seen data, which
demonstrates the effectiveness of our SEC framework
in terms of generalization performance. In particular,
the clustering performance of SEC/KM-r is significantly
better than that of KM and DKM on the three face
datasets as well as MPEG7 dataset, which indicates that
the proposed SEC framework can effectively cope with
the out-of-sample data in clustering tasks.
3) Similar to the in-sample clustering, SEC/SC and
SEC/LR outperform or achieve comparable results in
most cases when compared to the SEC/KM-r, SEC/SC,
SEC/LL, and SEC/CLGR methods.
VII. C ONCLUSION
In this paper, we proposed the SEC framework based on
the observation that for the high-dimensional data the true
cluster assignment matrix can always be embedded in a linear
space spanned by the data. The linear property of the cluster
assignment matrix was incorporated in the clustering framework by imposing a linearity regularization. The proposed
clustering framework also provided a natural mechanism to
deal with the out-of-sample data in clustering. Moreover, we
introduced a new algorithm for SEC using both local and
global discriminative information. The experiments on eight
real-world high-dimensional datasets showed the effectiveness
of our SEC framework for both in-sample and out-of-sample
clusterings.
A PPENDIX
P ROOF OF T HEOREM 1
Suppose
 2the eigenvalue decomposition of St is St =
 0
−1
T
[U1 , U0 ] t
[U1 , U0 ]T . Let B = −1
t U1 Sb U1 t . Sup0 0
pose the eigenvalue decomposition of B is B = Vb b VbT , and
let P = [U1 −1
t Vb , U0 ]. We have the following two lemmas.
Lemma 1 [34, Th. 5.1]: If r ank(S
t ) = r ank(Sw ) +

Irt 0
T
r ank(Sb ), then P St P =
= Dt and P T Sb P =
0
0


Irb 0
= Db , where It ∈ Rrt ×rt and Irb ∈ Rrb ×rb are identity
0 0
matrices, rt is the rank of St , rb is the rank of Sb , and rb ≤ rt .
Lemma 2 [44]: If r ank(St ) = r ank(Sw ) + r ank(Sb ), then
St+ = P Dt P T .
Then we proceed to the proof of Theorem 1.
Proof: According to Lemmas 1 and 2, we have


T
Sw St+ X GG T X T Sw St+ = 0.

Alternatively, Sw St+ X G(Sw St+ X G)T = 0, which indicates
Sw St+ X G = 0 and Sw St+ XY = 0. Let us define W0 to be
W0 = St+ XY .
Then we have
Sw W0 = 0.
Therefore, W0 is in the null space of Sw . From [58, Th. 1], for
multiclass problems, all the data that belong to the same class
will be projected onto the same point under the projection W0 ,
thus we have
∀i, yi = [0, . . . , 0, 1, 0, . . . , 0]T ⇒ x iT W0 = x̄ Tj W0
     
j −1

(36)

c− j

where yiT is the i th row of the true cluster assignment matrix
Y and x̄ j is the mean of the data that belong to class j .
Denote X̄ c = [x̄ 1 , . . . , x̄ c ]. Note that X̄ c = XY , where
 ∈ Rc×c is a diagonal matrix with the i th diagonal element
as 1/n i , and n i is the number of the data that belong to Class i .
Then


r ank( X̄ cT W0 ) = r ank Y T X T (X X T )+ XY
= r ank((X X T )+ XY )
= r ank(Sb ) = c − 1.
Denote Q = X̄ cT W0 + 1c 1cT . Note that Y 1c = 1n and
X1n = 0, so
X̄ cT W0 1c = 0 and 1cT  −1 X̄ cT W0 = 0.
Thus, vector 1c is linearly independent of the rows or the
columns of X̄ cT W0 . Suppose the full rank decomposition of
X̄ cT W0 is X̄ cT W0 = Q 1 Q 2T , where Q 1 , Q 2 ∈ Rc×(c−1) are
column full-rank matrices. Then Q = Q 1 Q 2T + 1c 1cT =
[Q 1 , 1c ][Q 2 , 1c ]T . As [Q 1 , 1c ] and [Q 2 , 1c ] both are full-rank
matrices, then Q is invertible. Hence we have
Ic = Q Q −1
= ( X̄ cT W0 + 1c 1cT )Q −1

= X̄ cT W0 Q −1 + 1c (Q −T 1c )T .

Let W = W0 Q −1 and b = Q −T 1c . Then ( X̄ cT W +1c b T ) = Ic .
According to (36), we have X T W + 1n b T = Y . Therefore, If
r ank(Sb ) = c−1 and r ank(St ) = r ank(Sw )+r ank(Sb ), there
exist W ∈ Rd×c and b ∈ Rc×1 such that Y = X T W + 1n b T .
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